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In Chemical Physics Classical Statistical Mechanics is not

enough!

Classical Statistical Mechanics cannot treat situations where
tunneling effects or non-adiabatic evolution are important:

• Electron and proton transfer either in isolated molecules, in solu-
tion, at electrochemical interfaces, or in biological molecules, etc.

Example: Coherent Chromophore dynamics in Bacteriorhodopsin.





Configurations of the retinal molecule of the bacteriorhodopsin. Yellow: ground

state, all-trans. Red: excited state, cis.



Superimposition of the ground and excited configurations of the the retinal

molecule in the bacteriorhodopsin environment. The motion through the transition

state region involves a superposition of vibrations giving a localized displacement.



Full Quantum Mechanics is not affordable!

A full quantum formulation is neither computationally feasible nor

conceptually necessary in situation where one is interested only in the

quantum effects on a small number of degrees of freedom.

QUANTUM-CLASSICAL DYNAMICS

• R. Kapral and G. Ciccotti, Mixed Quantum-classical dynamics J.
Chem. Phys., 110 8919 (1999)

• S. Nielsen, R. Kapral and G. Ciccotti, Statistical Mechanics of
quantum-classical systems J. Chem. Phys., 115 5805 (2001)



Features of the method

• Consistent coupling of quantum and classical degrees of freedom.

• The approach recovers, by means of controllable approximations,
both surface-hopping and Ehrenfest mean field methods.

• Energy is conserved exactly.

• RIGOROUS FORMULATION OF THE STATISTICAL

MECHANICS OF QUANTUM-CLASSICAL SYSTEMS.



Quantum-Classical Systems

Light quantum particles and heavy bath particles: M � m
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Mixed quantum- classical Liouville equation

∂ρ̂W(R, P, t)

∂t
= −
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[ĤW , ρ̂W(t)]+

1

2

({
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}
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{
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)
Non-Hamiltonian bracket

(χ̂1, (χ̂2, χ̂3)) + (χ̂3, (χ̂1, χ̂2)) + (χ̂2, (χ̂3, χ̂1)) 6= 0

Quantum-Classical Hamiltonian
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Adiabatic basis: Eulerian picture

R

ĤW(R, P ) =
P 2

2M
+ ĥW(R)

Adiabatic eigenvalue problem : ĥW(R)|α;R〉 = Eα(R)|α;R〉



Evolution of density matrix

ραα′

W (R, P, t) =
∑
ββ ′

(e−iL̂t)αα′,ββ ′ρ
ββ ′

W (R, P )

Schematic representation of a surface-hopping trajectory
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The Spin-Boson Model

• Dynamics of the dissipative two-state system
A. J. Leggett et al.
Rev. Mod. Phys. 59, 1 (1987).

H = − h̄Ωσ̂x −
N∑

J=1

cJRJ σ̂z +
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The cJ are chosen in such a way that the Spectral Density

J(ω) ≡
π

2

∑
J

c2
J

MJωJ
δ(ω − ωJ) is Ohmic → ηωe−ω/ωc



• The spin-boson model can be solved by numerically ”exact” Path
Integral techniques (Makri and Thompson, Chem. Phys. Lett
291 101, (1998); J. Chem. Phys. 110, 1343 (1999)) and also by
means of the quantum-classical approach which has been sketched
previously.

• In this case, the simpler quantum-classical dynamics is exact and
provides results that are indistinguishable from those obtained by
the path integral approach.

• A cumulant analysis of the influence functional within the path
integral approach shows that a large number of oscillators (N ≥
200) is required to achieve a mapping of a manybody environment
onto an effective harmonic environment.

N, Makri J. Phys. Chem B 103 2823 (1999).

• Within the quantum-classical case, it might be interesting to rep-
resent the effects of the temperature also on the dynamical tra-
jectories.



Discussion

• Dissipation/Decoherence is introduced by sampling the initial con-
ditions and by nonadiabatic transitions.

• Since energy is conserved along the quantum-classical trajectory,
a huge number of classical degrees of freedom is required in order
to represent correctly the statistics of the canonical ensemble.

• Is there a way to introduce dissipation and temperature effects
within the time-evolution of quantum-classical trajectories so that
the description of the bath can be simplified?



Non-Hamiltonian Classical Dynamics at constant temperature:
Nosè-Hoover method

HN = P 2

2M
+ V (R) + p2

s

ms
+ 3NkBTs

Equations of motion


Ṙ = P/M
ṡ = ps/ms

Ṗ = −∇RV − Pps/mS

ṗs = P 2/M − kBT

Antisymmetric matrix B =

 0 0 1 0
0 0 0 1
−1 0 0 −P
0 −1 P 0


X = (R, s, P, ps) Ẋi =

∑
kj

∂Xi

∂Xk
Bkj

∂HN

∂Xj
= {Xi, HN}B



Matrix Structure of the Quantum-Classical Bracket

Rewrite the Quantum-Classical Bracket

(ĤW , χ̂) = i
h̄[ĤW , χ̂]−1

2{ĤW , χ̂}+ 1
2{χ̂, ĤW}

as

(ĤW , χ̂) = i
h̄

[
ĤW χ̂

]
·
[

0 1 + h̄Λ
2i

−1− h̄Λ
2i 0

]
·
[

ĤW
χ̂

]

where ĤΛχ̂ ≡ −
{
ĤW , χ̂

}
= − Poisson bracket of Ĥ and χ̂



Let us exploit the matrix structure of the brackets in order to introduce the

Quantum-Classical Nosè-Hoover Dynamics

ĤN = P2

2M + p2
s

2ms
+ 3NkBTs + ĥ(R)

ĤNΛN χ̂ ≡ −
∑

ij
∂ĤN
∂Xi

Bij
∂χ̂
∂Xj

χ̇ =
[

ĤN χ̂
]  0 1 + h̄ΛN

2i

−1− h̄ΛN
2i 0

 · [
ĤN
χ̂

]

=
(
ĤN , χ̂

)
B

= iLN χ̂



Features

• Stationary density matrix
(
ĤN , ρ̂Ne

)
B

= 0 is easily written

up to order h̄ (as in the constant energy case).

• Dynamics is represented in the adiabatic basis as classical-

like Nosè-Hoover trajectory segments (with associated

phase factors) interspersed by nonadiabatic transitions.

• Helmann-Feynman forces are calculated from the en-

ergy surfaces 1/2(Eα + Eα′).

• Nosè quantum-classical Hamiltonian is exactly conserved.
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Time-decay of the population of a spin-boson model in an initial non-equilibrium

state.



Summary

• Quantum-classical dynamics is a useful approximation of full quan-
tum dynamics.

• Such a scheme is designed to treat arbitrary classical environments.
It can be applied to more realistic systems with many classical
degrees of freedom and a larger number of quantum states

• I showed you numerical evidence that temperature effects can be
directly introduced in the time propagation of quantum-classical
trajectories by means of the Nosè-Hoover thermostat.

• This promises to provide an alternative description of dissipative
effects in quantum and quantum-classical systems.

• Non-Hamiltonian brackets are interesting theoretical tools for in-
troducing arbitrary (and useful) dynamics while keeping the statis-
tical mechanical properties of the system under control.
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