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1 Introduction

The Schrodinger equation is a wave equation that describes the quantum mechanics of non-
relativistic particles. The attempts to generalize it to the relativistic case led to the discovery
of many different relativistic wave equations (Klein-Gordon, Dirac, Maxwell-Proca, etc.). It
soon became clear that all of these relativistic wave equations for the quantum mechanics
of relativistic particles had some interpretative problems: some did not admit a probabilistic
interpretation, and all of them included single-particle states with negative energy. These
equations are often called “first quantized” equations, as they are obtained by quantizing a
single relativistic particle.

To solve those problems, one had to reinterpret them as equations of classical fields (just like
Maxwell equations) that should be quantized anew (hence the name of “second quantization”
given to the quantum theory of fields). All of the interpretative problems described earlier can
be solved consistently within the framework of quantum field theory: the quantum fields are
here seen to describe an arbitrary number of indistinguishable particles (the quanta of the field,
just like the photons for the electromagnetic field). The relativistic equations mentioned above
remain valid, but reinterpreted as equations satisfied by quantum field operators.

Why is that so? The main reason is that in relativity particles can be created and destroyed
in physical processes. It would not be consistent to fix the number of particles and require that
number to be conserved. Indeed, recall that relativity assigns the energy £ = mc? to a particle
of mass m at rest. In the limit of ¢ — oo it would take an infinite amount of energy to create
a particle. Non-relativistic quantum mechanics can be developed to conserve the number of
particles. In relativistic quantum mechanics it is impossible to do so. This explains the failure
to have a probabilistic interpretation for a single particle. The other problem, the presence of
negative energy states, was eventually turned into a prediction: the existence of antiparticles.

Given that the methods of second quantization (quantum field theory) is the natural math-
ematical framework to study the above properties, many physical situations can be dealt with
effectively — and often in a simpler way — in the context of first quantization, i.e. using rela-
tivistic quantum mechanics. This happens for example if one consider those situations where
pair creation is suppressed, so to make the single particle approximation applicabld}

The different relativistic wave equations mentioned above correspond to the quantum me-
chanics of particles with fixed mass (m) and spin (s). For example, the Klein-Gordon equation
is a relativistic equation that describes scalar particles, i.e. particles with spin s = 0. It is
undoubtedly the simplest relativistic equation. It takes into account the correct relativistic

1One can also be more general, by letting the number of particles to vary. A famous example is given by
string theory, a model for quantum gravity (where particles are generalized to strings). String theory is mostly
developed in first quantization, while its second quantized version (the so-called “string field theory”) is hard
to work with, and not completely developed yet. First quantized methods for particles take also the name of
“worldline methods”.



relation between energy and momentum, and thus it contains the essence of all relativistic
wave equations (like the presence of solutions with negative energies, that signals the need of
antiparticles). The correct wave equation for a relativistic particle depends crucially on the
value of the spin s, and the usual names are given as follows:

spin 0 —  Klein-Gordon equation

spin % —  Dirac equation

spin 1 (m=0) — (free) Maxwell equations

spin 1 (m#0) —  Proca equation

spin % —  Rarita-Schwinger equation

spin 2 —  Fierz-Pauli equations (or linearized Einstein eq. for m = 0).

In general, relativistic particles are classified by the mass m and spin s, where the value of
the spin indicates that there are 2s + 1 independent physical components of the wave function,
giving the possible polarizations of the spin along an axis. That is true unless m = 0, in which
case the wave functions describe only two physical components, those with maximum and
minimum helicity (helicity is defined as the projection of spin along the direction of motion).
This reduction of the number of degrees of freedom is achieved mathematically by the emergence
of gauge symmetries in the equations of motion.

The classification described above is due to Wigner, that in 1939 studied the unitary irre-
ducible representations of the Poincaré group. As anticipated above, a physical way of under-
standing that result is to recall that for a massive particle of spin s, one may go to a reference
frame where the particle is at rest, then its spin must have the 2s+ 1 physical projections along
the z-axis. This frame cannot be chosen if the particle is massless, as the particle must travel
with the speed of light in any frame. Choosing the direction of motion as the axis where to
measure the spin, one finds only two values of the helicity h = £s. Other helicities are not
needed, they would never mix with the previous ones under Lorentz (and Poincaré) transfor-
mations (they may be considered as belonging to a different particle, which may or may not
exist in a given model. On the other hand, one can show that the discrete CPT symmetry
requires both helicities s to be present).

In these notes, after a brief review of the Schrodinger equation, we discuss the main prop-
erties of the Klein-Gordon and Dirac equations, treated as first quantized wave equations for
particles of spin 0 and %, and then briefly comment on other relativistic free wave equations.

Our main conventions for special relativity are as follows:

o = (ct,x,y,2) = (2°, 2", 2%, ) (spacetime coordinates)

't = AF Y (Lorentz transformations)

N = diag(—1,1,1,1) (Minkowski metric)

s* = nuats’ = 'z, (invariant lenght)
= () (inverse metric)

z, =N, ot =n"z, (lowering/raising indices)
O(3,1) = {real 4 x 4 matrices A | ATpA = n} (the Lorentz group)
SO™(3,1) = {real 4 x 4 matrices A | ATnA =n,det A = 1,A% > 1} (the proper and orthochronous
Lorentz group)

't =AY+ af (Poincaré transformations)

Oy = % (spacetime derivative)



2 Schrodinger equation

After the introduction of the Planck’s constant h (1900) and its use made by Einstein (1905)
in explaining the photoelectric effect (photons with energy E = hv as quanta of the elec-
tromagnetic waves), and after the introduction of Bohr’s atomic model with quantized energy
levels (1913), it remained to understand which fundamental laws could organize the phenomena
emerging from the subatomic world, i.e. which were the true laws of quantum mechanics. An
important contribution came from de Broglie, who in 1923 suggested an extension of Einstein’s
idea. He conjectured a wave behaviour for particles of matter, assigning a wavelength A\ = %
to material particles with moment p = |p]. This assumption could explain Bohr’s quantized
energy levels: one could interpret them as the only ones for which an integer number of electron
wavelengths would fit in the electron trajectory around the nucleus. de Broglie was inspired by
relativity in making this proposal: a periodic wave function with frequency v = %, where T is

the period (periodicity in time), and with wave number k, where |k| = 1 with A the wavelength
(periodicity in space), has the mathematical form of a plane wave

w(l—:, Zf) ~ e27ri(l;-§:'7ut) ] (1)
Assuming the phase 27T(E - & — vt) to be Lorentz invariant, and knowing that the spacetime
coordinates (ct, ) form a four-vector, de Broglie deduced that also (%, %) would form a four-
vector, and thus be subject to the same Lorentz transformations of the four-vector (ct,Z) or

four-momentum (£, 7). Since in the case of photons E = hv, it was natural to extend the

relation to the complete four-vectors (%, k) and (£, p) with the same proportionality constant

h, to obtain
p=hk, E=hv. (2)
The first relation implies that A\ = % corresponds to the wavelength of a material particle with
momentum p. Hence a plane wave associated with a free material particle, with fixed energy
and momentum, should take the form
(T, 1) ~ eQﬂi(E-ffut) — FHPT-EY) _ ;(FT-Et) (3)
At this point Schrodinger asked: what kind of equation does this function satisfy? He began
directly with the relativistic case, but as he could not reproduce experimental results for the
hydrogen atom, he used the non-relativistic limit that seemed to work much better (today we
know that relativistic corrections are compensated by effects due to the spin of tzhe electron,
which were not taken into account). For a free non-relativistic particle £ = £-, the wave
function postulated by de Broglie satisfies

D@, 8) = Bo(@.0) = L(it) = 1=l (4)
ot o om Y 2m T
Thus, it solves the differential equation
L0 [
Zhaw(%t) =5, V(@ 1) (5)

which is the free Schrodinger equation.

Turning things around, the Schrodinger equation produces plane wave solutions describing
the quantum mechanics of a free nonrelativistic particle of mass m.

This construction suggests a prescription for obtaining a wave equation from a classical
model of a particle:



. . . 52
e consider the classical relation between energy and momentum, e.g. £ = 2—

e replace £ — ih% and p — —ihV
e interpret these differential operators as acting on a wave function ¢

" g .. o
i al/)(l’,t) = —%V W(T,t) .
These are the quantization prescriptions that produce the Schrodinger equation from the clas-
sical theory. Schrodinger extended these considerations to a charged particle in the Coulomb
field of a nucleus to explore the consequences of quantum mechanics, achieving a considerable
success by reproducing the results of Bohr’s atomic model.

Although originally inferred from the non-relativistic limit of a point particle, when written
in the form

e,
Zh&d’ = Hy (6)

with H the Hamiltonian operator, the Schrodinger equation acquires a universal validity for
the quantum mechanics of any physical system.

Conservation of probability

When a non-relativistic particle is described by a normalizable wave function ¢(Z, t) (a plane
wave in the infinite space is not normalizable, and thus one should consider wave packets), one
can interpret the quantity p(Z,t) = |[1)(Z,t)|* as the density of probability to find the particle
in point ¥ at time . In particular, one can prove that p satisfies a continuity equation

dp = =
9 +V.-J=0 (7)
with a suitable current J (indeed .J = %(w*ﬁw —)V4p*)). This is equivalent to the conserva-
tion of probability: at each moment of time the particle is somewhere in space. It is consistent
to assume that a non-relativistic particle cannot be created or destroyed. This is physically
understandable by looking at the non-relativistic limit of a relativistic particle, obtained by
sending ¢ — oo: from the energy formula one finds

E = /P22 + m2ct = me* (/1 + p22 — mE+ 4 (8)
m2c 2m

so that for ¢ — oo it would take an infinite amount of energy to create a particle of mass m.

3 Spin 0: Klein-Gordon equation

The Klein-Gordon equation can similarly be obtained from the first-quantization of a relativistic
particle. However, the equation does not carry a probabilistic interpretation. The full consis-
tency with quantum mechanics will eventually be recovered by treating the Klein-Gordon wave
function as a classical field, and then quantizing it anew as a system with an infinite number of
degrees of freedom (just like the electromagnetic field, that historically was the first example
to be treated as a quantum field). Often one refers to the quantization of the field as “second



quantization”. In second quantization the Klein-Gordon field describes an arbitrary number of
identical particles (and antiparticles) of zero spin. Nevertheless, remaining within the scope of
first quantization, the Klein-Gordon equation allows to obtain much information on the quan-
tum mechanics of relativistic particles of spin 0.

Derivation of the Klein-Gordon equation

How to get a relativistic wave equation? A simple idea is to proceed as described previously,
by using the correct relativistic relation between energy and momentum. We know that a free
. . . . . 0 1 2 3 . E .
relativistic particle of mass m has a four-momentum p* = (p°, p*, p*,p’) = (%, p) that satisfies

the mass-shell condition

2

pupt = —m?c® = 2 +p? = —m?c® - E*=p*+m?ct . (9)
c
Thus, one could try to use £ = \/p?c? + m2c*, but the equation emerging from the substitution
E— ih% and p'— —ihV looks very complicated
L0 q
ih—¢(F,t) = V—h2c2V?2 + m2ct ¢(7,1) . (10)

ot

It contains the square root of a differential operator, whose meaning is rather obscure. It
is difficult to interpret it. It seems to describe non-local phenomena, in which points far
apart influence strongly each other. This approach was soon abandoned. Then, Klein and
Gordon proposed a simpler equation, considering the quadratic relationship between energy
and momentum. Starting from E? = p?c? + m?c*, and using F — ih% ep — —ihﬁ, they
obtained the Klein-Gordon equation

1 92 ,  mic? .

(—gﬁ‘f—v - 72 )¢([E,t)=0. (11)

written in relativistic notations as (8, = 52:)
me

@0 o) =0, p="C (12)

and also as
(O —p?)p(x) =0 (13)

where O = 99,0, = 9,0" = —(0p)* + V? = —c%g—; + V2 is the d’Alembertian.

Equivalently, in a more compact and covariant way one may start for the classical mass-shell
relation p,p" + m?c* = 0 and quantize it by the replacement p, — —ihd, to find eq. (12).

According to Dirac, Schrodinger considered it before deducing its famous equation, but
dissatisfied with the results that seemed to produce for the hydrogen atom, he settled with its
non-relativistic limit. When later he decided to reconsider it, he found that Klein and Gordon
had already published their results.

From now on we shall use natural units with & = ¢ = 1, so to identify © = m (unless
specified differently).

Plane wave solution



The Klein-Gordon equation has been constructed by requiring that it should have plane
waves solutions with the correct dispersion relation between energy and momentum

(O—m*)p(z) =0. (14)

One can easily rederive the plane wave solutions by a direct analysis. Let us look for solutions
with a plane wave ansatz of the form

op(w) ~ ePr" (p,, arbitrary) (15)
which inserted in produces
— (P'pu+m?) e =0. (16)
Thus, the plane wave is a solution if p, satisfies the mass-shell condition
p'p.+m* =0 (17)
that is solved by

P2 =p"+m* = P =E\P+mi=2E,. (18)

—_——
Ep>0
Apart form the desired solutions with positive energy, one sees immediately that there are
solutions with negative energy, whose immediate interpretation is not obvious. They cannot be
neglected, as interactions could lead to transitions to the negative energy levels. The model does
not have an energy limited from below, and does not seem stable (eventually, solutions with
negative energy p® = —E, will be reinterpreted in the quantum theory of fields as describing
antiparticles with positive energy, as we shall see when discussing the propagator).
All plane wave solutions are indexed by the value of the spatial momentum p € R3, and by
the sign of p” = +E,. The positive energy solutions are given by

¢;($) — e—iEpH—iﬁ-f (19)
and the negative energy solutions are given by

where, by convention, it is useful to change the value of p’ (then they are related by complex
conjugation, ¢1* = ¢ ).
A general solution can be written as a linear combination of these plane waves

Pp 1 i Ept+ip & i i Z
— o —iEpt+ip-T b* zE;,t—zp-x) 21
o) = [ g (sl e e 1)
and
5'0) = [ s () e ) ) (22)
(2m)3 2E,
where the factor ﬁ is conventional. For real fields (¢* = ¢) the different Fourier coefficients

coincide, a(p) = b(p).



Continuity equation

From the KG equation one can derive a continuity equation, which however cannot be
interpreted as due to the conservation of probability. Let us look at the details.

One way of getting the continuity equation is to take the KG equation multiplied by the
complex conjugate field ¢*, and subtract the complex conjugate equation multiplied by ¢. One
finds

0=¢"(0-m*)¢—¢(0—m*)¢" = 0,(6"0"d — $0"¢") . (23)
Thus the current J* defined by
1

JH = —(¢"0"p — g0t ™ 24
(0700 — 60"") 1)
satisfies the continuity equation 9,J" = 0 (the normalization is chosen to make it real and to
match J with the probability current associated to the Schrédinger equation). The temporal

component

1

2im
although real, is not positive. This is seen from the fact that both the field ¢ and its time
derivative Jy¢ can be arbitrarily fixed as initial conditions (the KG equation is a second-order
differential equation in time). J° is fixed by these initial data and can be made either positive

or negative.
One can explicitly verify this statement by evaluating J° on plane waves
E

P65 =2 (26)

P = 5 (0~ 6006°) = 5 (600 — 60,6") (25)

to see that it can be either positive or negative.

We conclude that the Klein-Gordon equation does not admit a probabilistic interpretation.
This fact stimulated Dirac to look for a different relativistic wave equation that could admit
a probabilistic interpretation. He succeeded, but eventually it became clear that one had to
reinterpret all wave equations of relativistic quantum mechanics as classical systems that must
be quantized again, to find them describing identical particles of mass m (the quanta of the
field) in a way similar to the interpretation of electromagnetic waves suggested by Einstein
in explaining the photoelectric effect. This interpretation indeed was considered in 1935 by
Yukawa, who used the Klein-Gordon equation to propose a theory of nuclear interactions with
short-range forces.

Thus, before describing the Dirac equation, we continue to treat the Klein-Gordon field as
a classical field, keeping in mind its particle interpretation.

Yukawa potential

Let us consider the KG equation in the presence of a static pointlike source

(0 —m*)e(x) = g6°(7) (27)

where the point source is located at the origin of the cartesian axes and the constant g measures
the value of the charge (the intensity with which the particle is coupled to the KG field). Since
the source is static, one can look for a time independent solution, and the equation simplifies
to

=

(VZ = m?)g(7) = g0°(7) . (28)

7



It can be solved by Fourier transform. The result is the so-called Yukawa potential

—mr

L g e
—_7 2
e (29)
To derive it, we use the Fourier transform
— dgk iz 1T
o@) = [ Gz oAb (30)

and, considering that the Fourier transform of the Dirac delta (a “generalized function” or
distribution) is given by

53 (%) = / (%3 ek (31)

one finds

o) =~ (32)

where k is the length of the vector k. A direct calculation in spherical coordinates, using
Cauchy’s residue theorem, gives

-

d3k. eik-f e —mr
¢<f>:—g/(——: 9 (33)

2m)3 k2 + m? 47 1

where r = /2. This gives an attractive potential for charges of the same sign. It has a range
A~ % corresponding to the Compton wavelength of a particle of mass m. It is used to model
short range forces, like nuclear forces.

One can verify that satisfies : use the laplacian written in spherical coordinates
(V2 = %28,”7“207“ + derivatives on angles) to see that, outside of the singularity r = 0
satisfies : moreover the singular behavior at » = 0 is related to the intensity of the point
charge, just like in the Coulomb case, with the correct normalization obtained by comparison.

Details of the direct calculation: using spherical coordinates one computes

—

o(7) = —g/<d3k o

21)3 k2 + m?
ikr cos 0
) e
= 27r / k:dk:/ sm@dQ/ do [
g [* Kdk [P,
- _(27r)2/o k? +m? _1dye y ly =~ cosf)
————
2sin(kr)
kr
g = koo :
= ~ G dk g sin(kr) (even function)
g 00 k ezkr ) )
= —— dk: —_— (odd function does not contribute)
(27r)2r _ k2 +m? ¢
k etk g emr
2r mi Res ik +im)(k —im)lk=im At r (34)
- (2m)r )

8



where we have: used a change of variables (y = — cosf), extended the integration limit in k
(%) for the integral of an even function, added an odd function that does not change the
value of the integral, interpreted the integral as performed on the real axis of the complex
plane, added a null contribution to have a closed circuit in the upper half-plane, and used the
Cauchy’ residue theorem to evaluate the integral.

A graphical way that describes the interaction between two charges ¢g; and g, mediated by
the KG field (giving rise to the Yukawa potential) is given by the following “Feynman diagram”

g1

g2

interpreted as an exchange of a virtual KG quantum between the worldlines of two scalar par-
ticles of charge g; and go. It can be shown that this diagram produces the following interaction

potential between the particles
mr

V()= 882 (35)

AT 7

which is attractive for charges of the same sign. It is a potential for short ranges forces, with
a characteristic radius R ~ % In 1935 Yukawa introduced a similar KG scalar particle, called
meson, to describe the nuclear forces. Estimating a radius R ~ 1 fm, i.e. about the radius
of the proton, one finds a mass m ~ 197 MeV. The meson 7 (the pion, later discovered by
studying cosmic ray interactions) has a mass of this order of magnitude, m o ~ 135 MeV.

Green functions and propagator

The Green functions of the KG equation are relevant in the quantum interpretation. A
particular Green function is associated with the so-called propagator (it propagates a quantum
of the field from a spacetime point to another). A Green function G(z) is defined as the solution
of the KG equation in the presence of a pointlike and instantaneous source of unit charge, which
for simplicity is located at the origin of the coordinate system. Mathematically, it is defined to
satisfy the equation

(0 +m?*)G(z) = d'(x) . (36)

Knowing the Green function G(x), one can represent a solution of the non-homogeneous
KG equation
(0 +m?*)¢(x) = J(x) (37)

where J(z) is an arbitrary function (a source) by

&) = dolz) + / 2y Gl — y)J(y) (38)

with ¢g(z) a solution of the associated homogeneous equation. This statement is verified

inserting in , and using the property .



In general, the Green function is not unique for hyperbolic differential equations, but it
depends on the boundary conditions (chosen at infinity). In the quantum interpretation, the
causal conditions of Feynman-Stueckelberg are used. They require to propagate forward in time
the positive frequencies generated by the source J(x), and back in time the remaining negative
frequencies. In Fourier transform the solution is written as (d*p = dp®d®p)

6a) = [ ghzemc) = [ g (39)

2m)4 p2 + m? — ie

where € — 0% is a positive infinitesimal parameter that implements the boundary conditions
stated above (the causal prescriptions of Feynman-Stueckelberg). In a particle interpretation
the Green function describes the propagation of “real particles” and the effects of “virtual
particles”, all identified with the quanta of the scalar field. These particles can propagate
at macroscopic distances only if the relation p*> = —m? holds (the pole that appears in the
integrand compensates the effects of destructive interference due to the Fourier integral on the
plane waves): they are called “real particles”. The quantum effects arising instead from the
waves with p? # —m? are considered as due to the “virtual particles” that are not visible
at large distances (they do not propagate at macroscopic distances, but are “hidden” by the
uncertainty principle).

The prescription i€, designed to move appropriately the poles of the integrand, corresponds
to a very precise choice of the boundary conditions on the Green function: it corresponds to
propagate forward in time the plane waves with positive energy (p” = E,), and propagate back
in time the fluctuations with negative energy (p° = —E,). This prescription is sometimes called
causal, as it does not allow propagation in the future of negative energy states. The states with
negative energy are propagated backward in time, and are interpreted as antiparticles with
positive energy that propagate forward in time. We explicitly see how this interpretation
emerges from the calculation of the integral in p° of the propagator, and it also shows how
the free field can be interpreted as a collection of harmonic oscillators. By convention the
propagator A(z — y) is (—i) times the Green function G(x — y), and one obtains

d*p —1
(2m)4 p? + m? — e

3 0 ;
_ / P ip -7 / dp° _ipo(@0—y0) ;
(2m)? 2 (p° — Ep + i€)(p° + E), — i€’)

e (z=y)

AMw-y) = ~iGla-y)= [

d3p o e—iEp(xO—yO) e—z‘E,,(yO—mO)
— P i (E-7) 0 o_,0 0 0o_,.0
/(27?)3 ‘ [ @ =y =g, — T — ) g
3 —iEp,|x0—y°
_ / Tp ip@-pe " " | (40)
(2m)3 2E,

where £, = \/p 4+ m? and € ~ € — 0". The integrals are evaluated by a contour integration
on the complex plane p°, choosing to close the contour with a semicircle of infinite radius that
gives a null contribution, and evaluating the integral with Cauchy’s residge theorem.
Recalling the form of the harmonic oscillator propagator (~ ﬂzl:t ‘), one can see how
the field can be interpreted as an infinite collection of harmonic oscillators parameterized by

the frequency E,. Other prescriptions to displace the poles lead to different Green functions

€
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G(z — y) satisfying
(0. +m*)G(z —y) = 0*(z —y) (41)

(in we have set y* = 0 by using translational invariance). In particular, the retarded Green
function Gr(x — y) propagates all frequencies excited by the source at the space-time point
y* forward in time so that the retarded Green function vanishes for times 2° < y°), while the
advanced Green function G 4(z — y) propagates all frequencies backward in time (and vanishes
for 2° > ¢°). In the case of vanishing mass (m = 0), setting for simplicity y* = 0, one finds

Crl(z) = ——6(t—1),  Galx) = ——8(t+7), (42)

Arr 4rr

where t = 2% and r = V2, as well-known from electromagnetism. They can also be written in
a form that is manifestly invariant under SO'(3,1)

Gr(z) = §(z?) Ga(z) = 5(z?) . (43)

Action

The Klein-Gordon equation for a complex scalar field ¢(x) is conveniently obtained from
an action principle

Sle, ¢*] = /d4x£, L= (—aw* u¢—m2gb*¢> . (44)

Varying independently ¢ and ¢*, and imposing the least action principle, one finds the equations
of motion

Bl - =0, Bel_@-wipw-0. @
For a real scalar ¢* = ¢, the action is normalized as
1 2
ste) = [ ata( - 30000 - 5-07) (46)
from which one derives 55(4]
o) (B —m?)¢(z) =0. (47)

The complex scalar field can be seen as two real fields with the same mass. Setting
6= —=(p1 +i2) ¢ = —= (1 — i2) (48)
- —— 7 s = — — 1
\/5 Y1 P2 \/§ ¥1 P2

where ; and @ are the real and imaginary part, one recognizes that the lagrangian (44
becomes

L = —0"¢ 0 —m*¢"¢
2 2

1 1 m m
= —53”901au901 - 56“9028u902 - 790% - 7903 : (49)
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Symmetries

The action allows to relate symmetries (invariances) to conservation laws as shown by
Noether.

The free Klein-Gordon complex field has rigid symmetries generated by the Poincaré group
(space-time symmetries) and rigid symmetries due to phase transformations described by the
group U(1) (internal symmetries).

The U(1) symmetry is given by

o(x) — ¢ (z) = eio‘(é(m)
' (x)  —  ¢(z) = e () (50)

and it is easy to see that the action is invariant. Infinitesimal transformations take the
form

bad(z) = iag(r)
0a9*(z) = —iag*(z) (51)

and one can again verify that 0,.5[¢, ¢*] = 0. Extending the rigid parameter « to an arbitrary
function a(z), i.e. substituting @ — a(z) in eq. (51)), does not give a symmetry but produces

buinS16.07) = [ d'woa (169" — i(0"6)0) (52)

Jr

which shows that the action is not invariant. However, it allows to verify again the U(1)
symmetry (for o constant one finds S = 0), recognizing at the same time the associated
Noether current -

JH =1i¢* 0" — i(0HP")p = ip* O ¢ . (53)
It satisfies a continuity equation, d,J* = 0, a relation that can be verified by using the equations
of motion. The corresponding conserved charge

<
Q= /d% JO = —z’/d?’x o* Oy ¢ (54)
is not positive definite: as already described it cannot have a probabilistic interpretation. Note

that, inspired by this conservation law, one defines a scalar product between any two solutions
of the Klein-Gordon equation, say y and ¢, as

mwz/fo%¢. (55)

This scalar product is conserved, as seen by using the equations of motion.
The symmetries generated by the Poincaré group

s — M =AY +at
o(x)  —  ¢(a) = o(x)
()  — ") = ¢ (a) (56)
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transform the Klein-Gordon field as a scalar. It is easy to verify the invariance of the action
under these finite transformations. It is also useful to study the case of infinitesimal transfor-
mations, from which one may extract the conserved currents with the Noether method. For an
infinitesimal translation a* eq. reduces to

dad(2) = ¢/ () — p(x) = —a"0,p(x)
0,0" () = —a"0,¢™(x) (57)

Considering now the parameter a* as an arbitrary infinitesimal function we obtain the corre-
sponding Noether currents (the energy-momentum tensor 7"") by varying the action

Sae) S[, &°] = / A"z (9,0,)( 9606 + 0°6'0"6 + "L ) (58)

Thv

where we have dropped total derivatives and where £ indicates the lagrangian density (the
integrand in (44)). The energy-momentum tensor 7" is conserved, 0,7 = 0. In particular,
the conserved charges are

PH = / d*x T (59)

corresponding to the total momentum carried by the field. In particular, the energy density is
given by . .
E(x) =T = 0yp* 0y + Vo™ - Vo +m?¢*¢ (60)

and the total energy P° = E = [ d®z E(x) is conserved and manifestly positive definite.

4 Spin %: Dirac equation

Dirac found the correct equation to describe particles of spin % by looking for a relativistic
wave equation that could admit a probabilistic interpretation, and thus be consistent with the
principles of quantum mechanics. The Klein-Gordon equation did not have such an interpreta-
tion. Although a probabilistic interpretation will not be possible in the presence of interactions,
(eventually Dirac’s wave function must be treated as a classical field to be quantized again in
second quantization), it is useful to retrace the line of thinking that brought Dirac to the
formulation of an equation of first order in time

(70 +m)ip(x) =0 (61)

where the wave function ¢ (x) has four complex components (a Dirac spinor) and the v# are
4 x 4 matrices. Because the components of the Dirac wave function ¢ (z) are not that of a
four-vector (they mix differently under Lorentz transformations), it is necessary to use different
indices to indicate their components without ambiguities. In this context we use indices u, v, .. =

0,1,2,3 to indicate the components of a four-vector and indices a,b,.. = 1,2, 3,4 to indicate
the components of a Dirac spinor. The equation is then written more explicitly as
((#)a" 0+ m 8 () = 0 (62)

and consists of four distinct coupled equations (a = 1,..,4). Spinorial indices are usually left
implicit and a matrix notation is used: v* are matrices and 1 a column vector.
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Dirac equation
The relativistic relationship between energy and momentum for a free particle reads

Pp, = —m?c? — E? = 9% + m2 63
P pu P

and the substitutions

E=cp® ~~ ih%, P o~ —ih% — P ~» —iho, (64)

lead to the Klein-Gordon equation that is second order in time: as a consequence the conserved

U(1) current does not have a positive definite charge density to be interpreted as probability
density. Thus, Dirac proposed a linear relationship of the form

E =cp-a+mcB (65)

where @ and [ are hermitian matrices devised in such a way to allow consistency with the
quadratic relation in (63). By squaring the linear relation one finds

E?* = (cp'a’+mc®B)(ep’a? +mc?B)
= Hpipaial + m2AB + mepi(aif + Bal)
= CQpiﬁ%(aio/ + ada’) + m*c* B2 + me’p' (o' B + Ba’) (66)
and consistency with for arbitrary momenta p’ requires that
a'ad +alat =261, pr=1, a'B+pa’ =0 (67)

where 1 is the identity matrix (it is often left implicit on the left side of and (66)). These
relationships define what is called a Clifford algebra. Dirac got a minimal solution for & and /3
with 4 X 4 matrices. An explicit solution in terms of 2 x 2 blocks is given by

=(27). (2 )

where o are the Pauli matrices, i.e. 2 x 2 matrices given by

(1) e (0F) () e

that satisfy o%07 = §9¥1 + i€ikg*. This solution is called the Dirac representation. Note that &
and [ are traceless matrices.
A theorem, which we shall not prove, states that all four dimensional representations are
unitarily equivalent to the Dirac one, while other nontrivial representations are reducible.
Quantizing the relation (65)) with produces the Dirac equation in “hamiltonian” form

ih0y b = (—ihcd - V + mc® ) (70)

Hp
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where the hamiltonian Hp is a 4 x 4 matrix of differential operators. The hermitian matrices
o’ and B guarantee hermiticity of the hamiltonian Hp, and therefore a unitary time evolution.
Multiplying this equation by % B and defining the gamma matrices

WV =—ig, 7= —ifa (71)
brings the Dirac equation in the so-called “covariant” form

(Y*Ou + 1) =0 (72)

where p = %€ is the inverse (reduced) Compton wavelength associated with the mass m. The

fundamental relationships that define the gamma matrices are obtained from (67)) and can be
written using the anticommutator ({A, B} = AB + BA) as

{7 =2 (73)
In the Dirac representation the gamma matrices take the form
1 0 ; ; 0 —iot
0 _ - - 9 g = t — .
v = —if 2(0 _1> , y iPa <z’a’ 0 ) ) (74)

We will use units with A = ¢ = 1, so that ¢ = m and the Dirac equation looks as in . A
useful notation introduced by Feynman (¢ = 7*0,) allows to write it also as

(@+m)p=0. (75)

Continuity equation

It is immediate to derive an equation of continuity describing the conservation of a positive
definite charge. Dirac tentatively identified the relative charge density, appropriately normal-
ized, with a probability density.

Let us see how to get the continuity equation algebraically. Using the hamiltonian form, we
multiply with 9T on the left and subtract the hemitian-conjugated equation multiplied by
¥ on the right, and obtain (remember that & and f are hermitian matrices)

ot (mat b — (—ificd -V + mc2ﬁ)w> _ ( — ROt — (ihe VYT a + @/JTchﬁ)w —0,
the term mass simplifies and the rest combines into an equation of continuity

O (Vi) + V- (evfay) =0 . (76)

The charge density is positive defined, 111 > 0, and was initially related to a probability density.

Properties of gamma matrices

The matrices 8 and o' are hermitian and guarantee the hermiticity of the Dirac hamiltonian.

They are 4x 4 traceless matrices (in four dimensions). The corresponding y* matrices (7 = —i3
e v = —ifBat) satisfy a Clifford’s algebra of the form
{77} = 2" (77)
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with
(== () =7 (78)

i.e. AV is antihermitian and 7% hermitian. These hermiticity relations can be written in a
compact way as

()" =~ 9" (79)
or equivalently as

(") = —By"8. (80)
One may easily prove that the gamma matrices have a vanishing trace. This is evident inspect-

ing their explicit form in the Dirac representation, see egs. and , but it is useful to see
this fact as arising from the algebraic properties of the gamma matrices. For example,

troy! =try' (7)) = —try*y'y? = —try!(4%)7 = —try! = try! =0 (81)

where it is used that ! and +? anticommute, and the cyclic property of the trace.

Many properties of the gamma matrices are derivable using only the Clifford algebra, with-
out resorting to their explicit representation.

It is also useful to introduce the chirality matrix +°, defined by

7= =i’y (82)

which satisfies the following properties

{*,4"}=0, (°)P=1, ")'=+", (") =0. (83)

In the Dirac representation it takes the form (using 2 x 2 block)

(%)

It is used to define the chiral projectors

:1—75 PR:1+75

P
L 9 2

(85)
(they are projectors since Pp, + Pr =1, P} = P;, P3 = Pg, P, Pr = 0), which allow the Dirac
spinor to be divided into its left and right-handed components: ¢ = v, + ¢g where ¢, = Py
and 1Y = Prt. As we shall see later, these chiral components (called Weyl spinors) transform
independently under the Lorentz transformations (connected to the identity) SOT(1,3)

The gamma matrices act in spinor space, a four-dimensional complex vector space. Linear
operators on spinor space are four-dimensional matrices, and the gamma matrices are just an
example. It is useful to consider a complete basis of these linear operators, which in turn form
a 16-dimensional vector space (16 is the number of independent components of a 4 x 4 matrix).
A basis is the following one

(197,57, 4149°,4°) (36)

where X* = —i[fy“, ~"], that indeed form a set of 1 +4 + 6 +4 + 1 = 16 linearly independent
matrices. Alternatively, the basis can be presented in a way that generalizes easily to arbitrary
even spacetime dimensions

R e b ) (87)
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where

1
A — E(fy“lfy’”...'y“" + permutations) (88)

denotes completely antisymmetric products of gamma matrices (even permutations are added
and odd permutations subtracted).

Solutions

The free equation admits plane wave solutions which contains the phase e®+*" for propaga-
tion in space-time and a polarization w(p) for the spin.
Inserting in the Dirac equation a plane wave ansatz of the form

»)
bpla) ~ w(P)EP | w(p) = “”Ep; . p, arbitrary (20)

we see that the polarization must satisy and algebraic equation ((iv*p, + m)w(p) = 0) with
an on-shell momentum (p,p* = —m?). There give four solutions, two with “positive energy”
(electrons with spin up and down) and two with “negative energy” (eventually to be identified
with positrons with spin up and down).
Let us see the details. We insert the plane wave ansatz into the Dirac equation and find
(h=1"pu)
(ip +m)w(p) =0 (90)

then we multiply by(—ip + m)
(=ip+m)(ip + mw(p) = (F* + m*)w(p) = (pup" +m*)w(p) =0 (91)

which implies p,p* + m? = 0. Thus, it follows that there are solutions with both positive and
negative energies, as in Klein-Gordon.
To develop intuition, we consider explicitly the case of particle at rest with p* = (£, 0,0,0).

Eq. becomes
0= (ir"po + m)w(p) = (=" E +m)uw(p) = (=BE +m)uw(p) (92)

and it follows that Fw(p) = mfBw(p), i.e. recalling the explicit form of 3 in (68])

m 0 0 0
0m 0 0

Ewp)=| o o _n o [|w@ (93)
00 0 -m

Thus, there are two independent solutions with positive energy (E = m)

Yi(z) =

o O O

e )= [ g e (94)
0
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and two independent solutions with negative energy (E = —m)

Y3(z) = et (95)

O = O O
m&.
3
&
<
N
—
&
~
I
_— o O O

The general case with arbitrary momentum can be derived with similar calculations, or ob-
tained from a Lorentz transformation applied to the above solution. In order to use the last
method it is necessary to study explicitly the covariance of the Dirac equation, which we will
postpone for a while.

Non-relativistic limit and Pauli equation

To study the non-relativistic limit of the Dirac equation we reinsert A and c. It is convenient
to use the hamiltonian form

ihOy ) = (ca - p+mc*B)yY (96)
where p'= —ihV. To proceed, we cast the spinor wave function in the form

Y(F, 1) = emimet ( igz g ) (97)

factoring out an expected time dependence due to the energy of the particle at rest (the mass),
and splitting the Dirac spinor into two-component spinors ¢ and y. By inserting into (96),
and using , one gets for the two-dimensional spinors the coupled equations

ihOyp = cd-px (98)
me?x +ihdyx = cd - po —meiy . (99)

In the second one we can ignore the term with the time dependence 0; y, which is supposed to
be due to the remaining kinetic energy, that in the nonrelativistic limit is small compared to
the mass energy, thus obtaining an algebraic equation easily solved by

g-p
=—"0. 100
X =5 (100)
Inserting it into the first equation produces
— . 2
iy = TP, (101)
2m

As (¢ - p)? = p?, one finds a free Schrodinger equation for the two-component spinor ¢

. _p?
thd, p = —¢ (102)

2m
also known as the free Pauli equation.
This analysis can be repeated considering the coupling to the electromagnetic field, to see
explicitly effects due to the spin. We introduce the coupling with the minimal substitution
Pu — ppu— SA,(2), where e is the electric charge (e < 0 for the electron). Since p* = (£, p) and
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AF = (D, ff), with ® and A the the scalar and vector potentials, respectively, this substitution
translates into

E—E—ed, (ojp-SA=x (103)
c
which inserted into the Dirac linear relation produces
E=cd -7+mcpB+ed (104)

and thus the Dirac equation coupled to the electromagnetic field with potential A,
ihdyp = (c@ - T +mcB + ed)p (105)

where now 7© = —zh(ﬁ — ;_L—BCA) Let us insert again the parameterization of ¢ into the
equation to find

iho,p = cd-mx+edp (106)

mctx +ihdyx = cd-7Tp —metx + ey . (107)

In the second equation we can neglect the time dependence on the left hand side, negligible in
the nonrelativistic limit, and on the right side the contribution of the term due to the electric

potential, negligible with respect to the mass (i.e. we ignore small terms for ¢ — oo0). We get
again an algebraic equation for y, solved by

o7

— 108
X =g (108)

which substituted into the first equation gives

(@-7)°
2m

ihoy o = ( + e@) Q. (109)

The algebra of Pauli matrices (007 = §1 + i€k g*) allows to compute

(¢-7) =r'rio'o! = 7 + i ninigh (110)
and 1 ik h
ieFririgh = ieijkﬁ[ﬂi,ﬂj]ak = ieijk—g(ﬁiAj — VA = Ly (111)
c c
Introducing the spin operator S = %h&’, we write it as
(¢-7)y=7"—-——S-B (112)
c
and the equation becomes
, 72 e 5 =

known as the Pauli equation. It was introduced by Pauli to take account the spin of the non-
relativistic electron in the Schrodinger equation. As we have proved, it emerges naturally as
the non-relativistic limit of the Dirac equation. In particular, it predicts a gyromagnetic ratio
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with ¢ = 2. In this regard it is useful to remember that a magnetic dipole ji couples to the
magnetic field B with a term in the Hamiltonian of the form

H=—ji-B.
A charge e in motion with angular momentum L produces a magnetic dipole g with

1Al e

| E| = ome?
where g = 1 is the classic gyromagnetic factor. Dirac equation produces instead a gyromagnetic
factor ¢ = 2, associated with the intrinsic spin of the electron.
These considerations can also be recovered also in the following way. Consider a constant
magnetic field B, described by the vector potential A = %B x 7. Expanding the term 72 in

(113)) one finds a term proportional to the angular momentum L =7x p, and the Pauli equation
takes the form

=2 2
ihd, p = (g—m—Z%w(L+25)-B+ 2mc2A2+e<I>) o (114)

from which we recognize the gyromagnetic factor ¢ = 2 of the dipole moment associated with
the spin of the electron, and the ¢ = 1 associated with the magnetic moment due to the orbital
motion.

Angular momentum and spin

We have seen from the non-relativistic limit that the Dirac spinor describes a particle of spin
1/2, such as the electron, with the spin operator acting on the ¢ component proportional to the
Pauli matrices S = g&’. This suggests that the spin operator acting on the full four-component
Dirac spinor is given in the Dirac representation by

2 ) (115)

(we return to i = 1). Indeed, recalling the relation (108]), one recognizes that the lowest
component (the small component in the non-relativistic limit) is related to the upper component
(the large component) by an operator that is a scalar under rotations, and thus it carries the
same spin representation (spin %) of the rotation group. The matrices 3 can also be written as

Y= —%eijkajak (116)

which is valid in any representation of the Dirac matrices.
The orbital angular moment L is defined as usual by the operatorial version of

L=FxFp. (117)

The total angular momentum J = L+ S is conserved in case of rotational symmetry. Let us
check it in the free case. Using the hamiltonian form of the Dirac equation (70]) we calculate

[Hp, L] = [o'pi + Bm, €*27pt] = —ieP aph (118)

20



and [ .
[Hp, S°] = [o!p, + pm, —ieijkajak] = —ieFpiak (119)
so that the total angular momentum is conserved

[Hp,J'| = [Hp,L' + S| = 0. (120)

Hydrogen atom and Dirac equation

A crucial test for the Dirac equation was to check its predictions for the quantized energy
levels of the hydrogen atom. The problem is exactly solvable, though the details are somewhat
technical. In any case it is useful to describe the solution for the energy levels and study it
in a suitable approximation, in order to compare with the non-relativistic solution obtained
from the Schrédinger equation. The energies obtained from the Schrédinger, Klein-Gordon,
and Dirac equations, respectively, are

2
(5) _ _Mea
Enl - _W (121)
2 4 3
EREG 1o 2 (2 Lol 122
n m 2n?  nt \21+1 8 +0(a) (122)
2 4 3
ED 12— (" 2 4 oS 123
n m[ e wil\zr1s) PO (123)
where a = % ~ % is the fine structure constant, and in the last formula j = H:% if the orbital

angular momentum carries [ > 0, and j = [ + % if [ = 0. The non-relativistic result has the
main quantum number n = 1,2, 3, ..., 00, and degeneration in [ = 0,1,...,n — 1 (n — [ must be
a strictly positive integer, n — [ > 0). Degenerationlﬂ in [ is broken by relativistic effects (“fine
structure” effects), but the Klein-Gordon prediction is in contradiction with the experimental
results (Pashen spectroscopic series), as 2 + 1 is an odd integer, but is measured to be even.
The prediction from the Dirac equation gives instead a result compatible with experiments,
since now 2j + 1 is everf]]

We are not going to report the explicit derivation of the spectrum with related eigenfunc-
tions. However, we indicate how the spectra are obtained from the known solution of the
Schrodinger problem, carrying out substitutions that relate them to the eigenvalue problems in
the Klein-Gordon and Dirac case (for further details, one may consult Itzykson Zuber, “QFT”,
pag. 71-78, and the nice historical account in Weinberg, “QFT-vol I” pag. 3-14).

The eigenvalue problem of the Schrodinger equation for an electron in the Coulomb field of
a proton (the nucleus of the hydrogen atom) takes the form
1 _, €

Vo — (124)

]f[nm: nlWYnim H:_
&l Wi 2m, 4ar

where n, [, m are the usual quantum numbers (a degeneration in the magnetic quantum number
m is expected from spherical symmetry). Writing the Laplacian in spherical coordinates V? =

2Using the identity [A, BC] = {4, B}C — B{A,C}.

3There is an additional degeneration in the magnetic quantum number m, common to all three cases.

4 Additional effects exists, but are smaller. The most important ones are the hyperfine structure, due to the
interaction of the electron with the magnetic moment of the nucleus, and the “Lamb shift”, which breaks the
degeneracy in j, due to quantum corrections obtainable by treating the Dirac field in second qunatization.
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T%é?er&n — % with L the angular moment operator (recall that L2 has eigenvalues [ (I+1) with
non-negative integer [), the eigenvalue equation takes the explicit form

1 1 1 1?2 «
—0,1r%0, = — ——Ey| Yum=0 125
2m, 2 ot 2m, 12 r H| P (125)

where a = %. It is well-known that the eigenvalues are degenerate also in [, and given by

2
a2 1
Enl:—m2a—2, n=12.00, =012 .n—1, m=1I01-1,.,—1. (126)
n

Let us now study the case of the Klein-Gordon equation. With the minimal substitution
(E — E—ed=FE+ %, which introduces the Coulomb potential), it takes the form

2
{—(EJF%) —v2+m§]¢:o (127)
r
which in spherical coordinates becomes

r2 2
[—Téaﬂ«?ar fLma 2Ba g m2)] 6=0. (128)

72 r

Now notice that the same equation can be obtained from the Schrodinger’s one by the substi-
tutions

2=1(l+1) — LP—a’=1(l+1)—a*>=A\+1)

aF
o —
Me
E2_ 2
E - Tm (129)

Thus, one can also obtain its eigenvalues. As [(I4+1) — A(A+1), we set A = [ —¢; and compute

5 = (l+ %) (1 o J1- (%)2) - QZOi -+ 0(a"). (130)

Now, we also know that n — [ must be a positive integer, and since [ — A =1 — J;, also n
must undergo a similar shift, n — v =n—4¢;, to keepn—1 — v — X a positive integer. Finally,
performing the substitutions (129)) in the egeinvalues ((126]) we obtain

E2 —m?2  m.o’EY 1

2m, 2 m2 (n—§)2

n=0,1,2,....,00 (131)

from which we get

N[

B = m, (1 + ﬁ)_ . (132)

Expanded for small §; it produces the Klein-Gordon spectrum anticipated in ((122]).

22



A similar procedure can be applied to the Dirac equation. With the minimal coupling one
finds
(VD +me)p =0 (133)

where D, = 0, — ieA,. The spinor 1 satisfies also a Klein-Gordon equation, but with an
additional non-minimal coupling (from the Klein-Gordon perspective)

(3 Dy = ) (D M) = | DAD, = & o —m? | =0, (134)

The additional (non-minimal) term in the Klein-Gordon equation is
e =

-5 WYY = —ieE - d (135)
as only the electric field of the Coulomb potential is present. Now one may show (we will not
do it here) that its effect is just to modify [ into j in the previous formula, with j = [ + % if
[>0,and 7 =1+ % if [ = 0. This gives the spectrum ([123]) obtained from the Dirac equation,
which is the correct one. The experimental data are shown in the figure below (taken from
Itzykson-Zuber, recall the notation **1L; with the 2s + 1 = 2 neglected for the spin of the
electron).

3D/, mm—(
3P.
3)2 — 3D,
3}y wem—
! 3Py m—(
2
my/1— Z
- 2P3y; )
28 Fl;l(e] ;tlél;:lture
x|~ P12 —-C LambI . z
(1 + 1“—7£>1/2 T shift 4 2Py m—(
2 1057 MHz

Triplet

my/ 1—a? Hyperfine structure
=18y m—(__ I 1420 MHz
Singlet

Figure 2-2 Low-lying energy levels of hydrogen.
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Covariance

The Dirac equation, derived from relativistic considerations, is consistent with relativistic
invariance. To prove it explicitly it is necessary to show that the equation is invariant in
form under a change of inertial frame of reference as generated by a proper and orthochronous
Lorentz transformation. We recall that by Lorentz invariance one generically refers only to
the transformations that are continuously connected to the identity, leaving out the discrete
transformations of parity P and time reversal 7" which are treated separately.

Thus, we need to construct the precise transformation of the Dirac spinor ¢ (z) under a
Lorentz transformation A. One may conjecture it to be linear and of the form

v(x) — P() = S(A)Y(2) (136)
so that a Lorentz transformation acts as
(PO +m(@) =0 = (0 mp(a) =0
M 't = AMVIV
dy 8; =A,0,
() Y'(a’) = S(A)Y(z) .

Relating the second reference frame to the first, and multiplying by S™!'(A), we see that one
equation is equivalent to the other if S(A) satisfies the relation

STHANS(AA,” =7 (137)
or equivalentlyﬂ
STHA)YS(A) = A" 47 . (138)
To verify that such S(A) exists, it is sufficient to consider infinitesimal transformations
A, =0, +wH, with w,, = —w,, (A =1+ w in matrix form)
S(A) =1+ %WWEW (139)
where YX* = —>** indicate the six 4 X 4 matrices that act on spinors. These are the generators

of the Lorentz transformations on spinors. Substituting them into ([137)), or (13§), one finds
(X, 47 = iy = n""y") (140)
which is an algebraic equation for >#. It is solved by

?

s =
4

A1 (141)

This proves Lorentz invariance of the Dirac equation. Finite transformations are obtained by
iterating infinitesimal ones. Eq. (141]) is verified by a direct calculation.

®Note that A,” acts on vectors with lower indices: it is obtained by raising/lowering indices on A¥, so
that it corresponds to the matrix nAn~! = A=L7T, with the last relation following from the defining property
ATnA = 1.
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To gain familiarity with equation ([140]), one may test it by choosing some values for the indices.

For example, setting (u,v, p) = (1,2,2) produces

(=297 = —ir' . (142)
To verify that (141]) satisfies it we compute
212:_1 1 2:_£12 14
A==y (143)
and . .
i i .
=247 = =5V = =5 (1P = PP = vt (144)
2 2
In general, using the Clifford algebra one may compute
14 ,L v 14 1/ v
B ] = =0 =), == [ = (ke v)
4 4
i v 4
= —1(7"{7 ="y ) — (<)
,L' 14 v
= —50" " =0"") = (n e v)
= A"y =) (145)
For finite transformations, one may use the exponential parameterization
S(A) = ez« ™" = iem" 7" (146)
Examples
Transformations with wiy = —w9; = ¢ produce rotations around the z axis. If the parameter
@ is finite
1
A cosp sing (147)
Y —sing cosy
1
and from (|146))
i nv 1 UV ¥ 1.2
S(A) = exp §Wuv2 =exp | Jww"" ) = exp <§7 y
i
e
B i (o3 0 B e T
= exp(2 ( 0 o3 ))— i (148)

where we used the Dirac representation of the gamma matrices. The transformation is im-
mediately recognized to be unitary, ST(A) = S71(A). It is also clear that it is a spinorial
transformation, which is double valued: the rotation with ¢ = 27 (that coincides with the
identity on vectors) is represented by —1 on the spinors. It is necessary to make a rotation of

41 to get back the identity.
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Similarly, a rotation of an angle ¢ around an axis n is represented on the spinors by

1203 0
INER o 14
s = ()" b ) (149)
and easily checked to be unitary.
A boost along x is generated by wg; = —wi19g = w, which for finite values gives
coshw —sinhw v =Py
AP — —sinhw  coshw _ —By v (150)
1 1
1 1

and we identify the usual parameters v = coshw and § = tanhw (the parameter w is often
called rapidity, it is additive for boosts along the same direction, while velocities add in a more
complicated way). On spinors this boost is represented by

) 1
S(A) = exp (%wWE‘“’) = exp <Z—lw“y’y“71’> = exp (%’7071>

= exp <—%o¢1> = 1cosh%) —at sinhg . (151)
Note that this transformation is not unitary, but satisfies ST(A) = S(A).

The previous boost transformation can be written and generalized as follows. Using hyper-
bolic trigonometric identities (and (E,p) = (m~y, mfB7)) one finds

w sinh w By D]
2 1l4coshw 14y m+FE
1 1 E
coshg = \/5(1+coshw) = \/5(1+'y) = m;r—n (152)
so that we can first rewrite
S(A) = cosh% (1 — o' tanh g) , (153)
generalize to a boost in an arbitrary direction % by using a! — %f, and then change the

direction of the boost (w — —w) so that by acting on a spinor at rest we get the spinor moving
with velocity ¢ (and momentum p). The final transformation takes the form

S(A) = \/T;E (1 + WiﬁE) (154)

and applied to the spinors and produce the general plane wave solutions of the Dirac
equation. We obtain the positive energy solutions

1 0
Im+ FE 0 - Im—+ FE 1 -
_ ipuT _ ipuT 155
_p+ _ _Dp3
m+E m+FE
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and the negative energy solution

p3 p—

m + e— m + __b3s i
@Z)g(l’) =4/ 5 m—l&-E e Pu , ¢4($) — 5 n(z)—i—E e WPu % (156)
0 1

where p* = (E,p) with E = \/p? +m? > 0, and py = p; +ips.
Pseudo-unitarity

The spinorial representation in is not unitary, ST(A) # S71(A), as we have seen in
the particular example of the Lorentz boost. This is understandable in the light of a theorem
according to which unitary irreducible representations of compact groups are finite-dimensional,
while those of non-compact groups are infinite-dimensional. Lorentz’s group is non-compact
because of the boosts.

However, the spinorial representations are pseudo-unitary, in the sense that

STA) = BSTHA)B . (157)
Indeed using v*' = —B~*/3 one may compute
st — (—iw,ﬂ)T = L0t = b ] = T (158)
form which it follows
ST(A) = (ednr ) 2 omgon™ g _ gt g STA)E. (159)

Transformations of fermionic bilinears

Given the previous result, it is useful to define the spinor E(x), called the Dirac conjugate
of the spinor ¢ (x), defined by

O(x) = Pi(2)p (160)
that under Lorentz transforms as
b (') = P(x)STHA) (161)
indeed

—/

U (2') = ¢1(2")B = (S (2))'8 = ¥ (2)ST(A)B = ¥ (2)BSTH(A) B2 = ¥(2)ST'(A) . (162)
Then it follows that the bilinear v (z)y(z) is a scalar under SOT(1, 3)

!/

U (@) (a") = P(@)S(M)STH(A)i (@) = P (2)v(z) . (163)

The quantity 1) instead is not a scalar, but it identifies the time component of the four-vector
JH = (J° J) = (¢, Tar), the current appearing in the continuity equation , which is
written in a manifestly covariant form as

JH = dpytp (164)
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Its trasformation laws are indeed that of a four-vector

) = i ()Y (@) = i(x) STHANS(A)(x) = AMyith(x)y i (x)
= A*,JY(2) (165)
where we used .

Quite generally, using the basis of the spinor space I'* = (1,7*, X*, v#4° 4°) one defines
fermionic bilinears of the form

YTy (166)
which transform as scalar, vector, two-index antisymmetric tensor, pseudovector, pseudoscalar,

respectively. We have already discussed the first two cases. For the pseudoscalar (neglecting
the dependence on the point of spacetime) we find

(7°0) = 0S(A)Y*S™H (A = Py . (167)

a scalar for proper and orthochronous Lorentz transformations (the adjective “pseudo” refers
to a different behavior under spatial reflection, i.e. parity transformation). As last example we
consider the antisymmetric tensor

(azuuw)/ — ES(A> (_%[,yu?,yu]> S*l(A)w = E (—i[S(A)fyusl,S(A)’}/Vsl]) (A)w
— AupAya EZPU@D . (168)

where we have used ((138]).

Remarks on covariance

In proving covariance, we obtained the spinorial representationﬂ S(A) of the Lorentz group

z# — = AP Y
) — ) =S(A)Y() (169)
that for infinitesimal transformations A¥, = §*, + w*, takes the form
S(A) =1+ %wWE“” (170)
where the generators X* = —i[’y“,fy”} are built form the gamma matrices. They realize the
Lie algebra of the Lorentz group]|
(S, 5M] = —in" A5 4 it SV 4 i PSR — it nn (176)

6Two-valued representation.
7 Let us recall how to identify the Lie algebra of the Lorentz group. We write the infinitesimal transformations

AP, = 5P, + wh, (171)
in matrix form )
A=1ltw=1+ %WWMW (172)

to expose on the right hand side the 6 matrices 4 x4 M* (with M** = —M*¥) that multiply the 6 independent
coeflicients w,, = —w,, that parametrize the Lorentz group. These 6 matrices evidently have the following
matrix elements

(M)A, = —i(n* 5, — n**3}) (173)

28



as can be shown by using the Clifford algebra to evaluate the commutators.

Before attempting the general case, a simpler exercise is to verify an example, as [£0!, %12] =
—iX%2. One finds X% = —5[70,71] = —%’yofyl, and X2 = —%7172, »02 — —%7072, and calculates

N\ 2
7 1
== = < - 2) B = (70717172 - 71727071)
1 1
_ _1(7072 _ 7270) _ —§V072 — 302 (177)

From a group perspective, relation ((137)) indicates that the matrices v* are invariant tensors
(Clebsh-Gordan coefficients). In fact, one can rewrite (137)) also as

A", S(A)y"SH(A) =

which is interpreted as a transformation that operates on all indices of 4" (the vector index is
explicit, while spinor indices are left implicit). The transformation leaves 7 invariant

P A = ALS(ASTH(A) = (178)

which tells that v is an invariant tensor, just like the metric 7,,.
With these group properties in mind, it is easy to show again the form invariance (covari-
ance) of the Dirac equation

(Y0, + m)p(x) =0 = (79, +m)Y'(z') =0 (179)

in the following way: exploiting the fact that gamma matrices are invariant tensors, one rewrites
the left hand side of the second equation with a transformed v*/, and then takes into account
the invariances (contraction of upper indices with lower ones that produce scalars) to find

(0, +m)Y'(a") = (¥"0, +m)'(2)
= S(A)(¥*0, +m)y(x) (180)

and (179 follows. It is the same calculation as before, but reinterpreted by recognizing the
transformation properties of covariant quantities and related scalar products: covariance is

(it is enough to compare (171) with (172)). Now a direct calculation gives the Lie algebra of the gruop
[]\4;11/7 M)xp] _ _Z',’,]ukMup + Z'nu)\Mllp =+ inl/pMuA _ inulel)\
= —in" M"" 4 3 terms . (174)

Now thought as an abstract algebra, one may pose the problem of identifying its (possibly irreducible) repre-
sentations. Under exponentiation they produce representations of the Lorentz group. The ¥#*¥ = —5[7“,7”]
provide the spinorial representation of the abstract generators M*” on a complex 4-component spinor (which,
as we shall see, decomposes into left handed and right handed 2-dimensional representations acting on chiral
spinors). For finite transformations one writes

Aw) = e = ehom ™

S(A(w)) = ezem ™" (175)

where the matrices M*¥ are the generators in the defining (vectorial) representation.
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manifest and corresponds to the transformation of the spinor x(z) = (v#d, + m)v¥(x), which
equals zero in all reference frames.

Discrete symmetries

In addition to the Lorentz transformations connected to the identity, one can prove invari-
ance of the free Dirac equation under discrete transformations such as spatial reflection (parity)
P, time reversal T', and charge conjugation C' which exchanges particles with antiparticles.

Parity P

Let us now discuss the transformation that reverses the orientation of the spatial axes,
named parity

Lo =y
i L =z, (181)
In tensorial notation
1 0 0 0
0O -1 0 0
n P o pp v o
o — =Pt a" Pt, = 0 0 -1 0 (182)
O 0 0 -1

This is a discrete operation with det(P*,) = —1. It belongs to the Lorentz group O(3,1), but
is not connected to the identity. Together with the identity it forms a subgroup isomorphic to
Zy = {1,—1}. Invariance under parity can be studied by conjecturing an appropriate linear
transformation of the spinor

P

) —  P(@') =Pi(a) (183)
generated by a suitable matrix P. Requiring invariance in form of the Dirac equation
(FOu+mpp(e) =0 = (MY mp() =0
xH P = PH 2"
Oy 0,=DPo,
(x) V(') = Pi(z)

the form of P is determined. Proceeding in the same way as for the Lorentz S(A) transforma-
tions one finds

P IyHPPY = (184)
or equivalently

1 0D _ pp VvV __ ’70
P 'YIP—PV'V—(_,YZ‘>~ (185)

A matrix P that commutes with 7° and anticommutes with 7% is 7° itself, or equivalently,
$ = iy". Thus, one may choose P = npf3 with np a phase fixed by requiring that P* coincides
with the identity on fermions (so that the possible choices are np = (£1, £i))

V(') = np B (x) (186)
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For simplicity we choose np = 1 and find the rules

Y(a) o (@) = Be(x)

P

P(x) — Y()=9¢()8. (187)
From these basic transformations we deduce how the fermionic bilinears transforms
() = P () =P)@)  scalar

(") (2") = —p(x)y°(x) pseudoscalar (188)

and (ignoring the spatial dependence)

Pyt i E/’Y” Y = P,y polar vector
Py i E/’Y“’YE)LD/ = —PH, Yy 5 axial vector
pomy D oy = PP S (189)

Chiral properties

Having studied parity, it is time to focus on the reducibility of a Dirac spinor under the
proper and orthochronous Lorentz group SO'(1,3). Using the projector

1— 1
po=-"0 pp=1T0 (190)
2 2
one separates the Dirac spinor in left-handed and right-handed components
1—7 1+~
Y=L+ Yr , Y = 5 29, YR = 5 29 (191)

These chiral components constitute the two irreducible spin 1/2 representations of the Lorentz
group. The irreducibility follows from the fact that the infinitesimal generators ¥#* of the
Lorentz group commutes with the projectors Pp, and Pg, and thus also finite transformations
commute with the projectors. For example, considering P;, we can calculate (taking advantage
of the fact that 4° commutes with an even number of gamma matrices)

wp (o 1_75_1_75<_2 1 V)_ pv
% PL—( 4[%7]> 5 =3 20) = PR (192)
and likewise for Pgr. The intrepretation of this commutativity is that operating with an in-
finitesimal Lorentz rotation on chiral spinors produces a chiral spinor of the same chirality.

Thus the Dirac spinor is reducible, and splits into its right-handed and left-handed parts
which transform independently under SO'(1,3). To state it once again, from (192)) it follows
that (considering infinitesimal transformations)

() = (14 g5 Yo = (14 2™ ) Potby = P (14 L0 2 o = Puln) (198)

8Hermitian matrices that satifsy P, + Pr = 1, P? = Py, P3 = Pgr, P, Pr = 0.
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that shows that the transformed spinor (¢1)" remains left-handed. Left-handed and right-
handed spinors are called Weyl spinors, they make up the two irreducible and inequivalent
spinor representations of SO'(1, 3).

Now let us consider parity. Including parity, the Dirac spinor is not reducible anymore.
Parity transform left handed spinors into right handed one, and viceversa

1-— ! 1-— 1 1
oD ) = ((520) =0(-5 ) = o= — By = e (194)

Both chiralities are needed to realize parity, which must exchange the two chiralities (i.e. ex-
changes right with left).

Additional remarks: the representations of the Lorentz group can be systematically con-
structed using the fact that its Lie algebra can be written in terms of two commuting SU(2)
algebras, SO'(1,3) ~ SU(2) x SU(2). Taking advantage of the knowledge of SU(2) repre-
sentations, one can assign two integers or semi-integers quantum numbers (7, 7’) to indicate
an irreducible representation of the Lorentz group. The irreps (3,0) and (0, ) correspond to
the two chiral spinors described above (left handed and right handed Weyl spinors). They are
inequivalent if parity is not considered. The Dirac spinor forms a reducible representation of
SO™(1,3) given by the direct sum (1,0) @ (0, 3). It becomes irreducible when considering the
group O(1,3) that includes the parity transformation. Chiral theories (non-invariant under
parity) can be constructed using Weyl fermions rather than Dirac fermions.

Chirality is a Lorentz invariant concept. For massless fermions chirality can be correlated
with the helicity h, defined as the projection of the spin along the direction of motion

—

h= Wﬁ. (195)

Note that helicity is a Lorentz invariant concept only for massless particles. Let us consider a
massless left handed fermion v, = 1?5 1, which then satisfies 72y, = —r. It must satisfy
the Dirac equation, which in momentum space (i.e. after a Fourier transform) reads

Pr(p) =0. (196)

The mass-shell condition is p*p, = 0, and taking the motion along the z direction, we have
p? = p3 and p' = p? =0, so that

0=("po+V’ps)r(p) =°(v* = )(p) = Folp) =1 vL(p) . (197)

Now the spin along the z axis is

{ {
8 _ w12 _ _4_1[71,72] - _57172 (198)

and it gives the helicity, h = S%, which we compute to be
1 i
S*Pr(p) = ——7172%(1?) = 2P (p) = oAy P i (p)
= 27 VY r(p) = =57 u(p) = 5@/@(19)

Thus, 1, describes a particle of helicity h = % Similarly, one may check that its antiparticle
has h = —1.
2
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When dealing with chiral fermions, it is often useful to employ a different representation of
the gamma matrices, called the chiral representation. A chiral representation is identified by
the fact that the chiral matrix +° is diagonal. A chiral representation is given by

0o __ - 0 1 i i 0 —igi 5 -1 0
’}/ _2(1 O ) ’Y— ZBOJ— Z'O.i O ) ﬁy - O 1 (200)

and is obtained from the Dirac representation by a similarity transformation (a change of basis)
generated by a unitary matrix U

Vﬁhi) = UﬁyélDir)Uil (201)
where . .
B 1 1 L 1 -1
) sy .
In particular, in the chiral representation the Lorentz generators S# = —i[y# 4"] = —Lym
are given by
017_z0i7£ o’ 0 iji_zijilijk ¥ 0

These block-diagonal matrices make evident the they act independently on the left and chiral

parts of a Dirac spinor ) )
(Y o W )
o= ()~ (G oy

where the two-component chiral spinors (Weyl spinors) are identified by
_ (¥ (0
Y = ( R Yr = in ) (205)

We now discuss the transformation of time reversal

Time reversal T

L =t
7 L =z (206)
ie.
-1 00 0
P . | 0o 100
= AP =Tra", T", = 0 010 (207)
0 001

It is a discrete symmetry with det(7*,) = —1. It belongs to O(3, 1), but is not connected to the
identity. Together with the identity it forms a subgroup isomorphic to Zs = {1, —1}. The way
time reversal acts on spinors can be found by conjecturing a suitable anti-linear transformation
on the spinor

Po) = W) =T (@) (208)
generated by a matrix 7. The complex conjugate is used in the conjecture because it is
suggested by the non-relativistic limit that links it to a Schrodinger equation. The Schroedinger

equation is known to have a time reversal symmetry, which acts by transforming the wave
function to its complex conjugate one. Thus, requiring invariance
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(YO +m)p(x) =0 = (40, +m)i (') = 0

T 't =THF, x¥
) 9, ="T,"0,
Y(x) (') =Ty (x)

and comparing the latter with the complex conjugate of the former(y**9, +m)y*(z) = 0), one
finds

_1,}/0* ’70 1
T =Ty = | L | = (209)
73* _73

where the last equality is obtained using the explicit Dirac representation of gamma matrices
(74). Thus, one needs to find a matrix 7 that commutes with 4% and 4? and anticommutes
with 4! and . This matrix is proportional to v!73. Adding an arbitrary phase 1y one finds

T =nry'y’ (210)

where, for simplicity, one can set 77 = 1. Note that on spinors 7% = —1 and 7% = 1.
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Hole theory

To overcome the problem of negative energy solutions, Dirac developed the theory of holes,
abandoning the single-particle interpretation of his wave equation, and predicting the existence
of antiparticles. He supposed that the vacuum state, the state with lowest energy, consists in
a configuration in which all the negative energy levels are occupied by electrons (the “Dirac
sea”). Pauli’s exclusion principle guarantees that no more electrons can be added to the negative
energy levels. This vacuum state has by definition vanishing energy and charge.

E(vac) =0, Q(vac) =0. (211)

The state with one physical electron consists in an occupied positive energy level on top of the
filled Dirac sea
E(electron) = E, >0, Q(electron) = e . (212)

It has a charge e < 0 (by convention) and cannot jump to a negative energy level because the
latter are all occupied and the Pauli principle forbids it: the configuration is stable.

In addition, one can also imagine a configuration in which a negative energy level lacks its
electron (a hole in the Dirac sea). This is equivalent to a configuration in which a particle with
positive energy and charge —e is present: in fact filling the hole with an electron with negative
energy —F, and charge e gives back the vacuum state with vanishing energy and charge.

E(hole) + (—E,) = E(vac) =0  —  E(hole) = E, >0
Q(hole) +e=Qvac) =0 —  Q(hole) = —e. (213)

These considerations led Dirac to predict the existence of the positron, the antiparticle of the
electron. It becomes also possible to imagine the phenomenon of pair creation: a photon that
interacts with the vacuum state can transfer its energy to an electron with negative energy, and
bring it to positive energy, thus creating an electron and a hole, i.e. an electron/positron pair.

This interpretation has been of great help in physical intuition, though it is not directly ex-
tendible to bosonic systems (as Pauli’s principle is not valid for bosons). The correct realization
of these ideas are obtainable in second quantization, both for fermions and bosons (quantum
field theory).

Charge conjugation C

The Dirac equation can be coupled to electromagnetism with the minimal substitution
Pu — pp — €Ay, and takes the form

(0, —ieA,) +m)p =0 (214)

It describes particles with charge e and antiparticles with same mass and spin but opposite
charge —e, as suggested by the hole theory of Dirac. It should be possible to describe the
same physics in terms of an equation which directly describes the antiparticles, reproducing
the original particles as anti-antiparticles. Evidently the new equation takes the form

(V*(O + ieAu) + m)be = 0 (215)

where 1. denotes the charge conjugation of ). The existence of a discrete transformation
which links 1 to 1. is therefore expected. This transformation is called charge conjugation. It
exchanges particles with antiparticles. To identify it, one proceeds as follows.
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Eq. (214) can be written by taking its complex conjugate as
(Y (0, +ieA,) + m)y* =0 (216)

so that the relative sign between 0, and ieA, is obtained, as in (216). Now, if one finds a
matrix A such that
Ay AT = 4+ (217)

then the identification
e = AY* (218)

realizes the searched for transformation. It is customary to write A in the form
A=Cp (219)

where C is called the charge conjugation matrix. Recalling that v*! = —B~v#3 with 3 symmetric,
taking the transpose we find v** = —Bv*13, or equivalently Sv**8 = —~*T. Then, (217)
reduces to

CyTC™t = —4# (220)
Using the Dirac representation one verfies that 7° and ~? are symmetric, (7°7 = ~° and
2T = ~%), while ! are 4* are antisymmetric (y'7 = —y! and v37 = —+3). One deduces that

C must commute with v* and v and anticommute with 4° and 2. Thus, one may take
C=7"2. (221)

Note that C is antisymmetric (C? = —C) and coincides with its inverse (C™! = C). Adding an
arbitrary phase 1o one finds the charge conjugation transformation of the Dirac spinor

¥ S = no At = neChYt = neCh (222)
which we have written in various equivalent ways. The arbitrary phase is ususally set to 1 for
simplicity.

What we have described is not a true symmetry in the presence of a background field
Ay, unless the background is also transformed A, — Af, = —A,, (hence the name “background
symmetry”). It becomes a true symmetry when the electromagnetic field is treated as dynamical
field subject to its equations of motion (charge conjugation symmetry of QED).

Finally, let us verify that the charge conjugation of a left handed spinor is right handed
(and viceversa). Thus, considering ¢y that satisfies 7%y = —tr, we have to verify that
VU1 = Ur., where ¥y, . = CET. This is done by a direct calculation, e.g. in the Dirac basis
where we know that C = 7%92 and v°T = 4°T = 4%* = 45 and find

VUL = (223)

so that . . o
75wL,c = ’75ch = CV5¢L = CwL = wL,c . (224)
CPT

Although the discrete symmetries C'; P and T of the free theory can be broken by interactions
(notably by the weak interaction), the C'PT combination is always valid for theories which are
Lorentz invariant (i.e. invariant under SO'(3,1)). The theorem that proves this statement
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is known as “C'PT theorem”, and will not be treated in these notes. In the case of a Dirac
fermion the C'PT transformation takes the form

xt — ot = —xt
1/1(93) — wCPT (ZL‘/) - UCPT75¢(x) (225>

with 7,,,, an arbitrary phase. It is immediate to verify the invariance of the free Dirac equation
under this transformation.

Action

The action is of great value to study symmetries and equations of motion. Moreover, it is the
starting point for quantization, either canonical or by path integrals.

To identify an action for the Dirac equation, one insures Lorentz invariance by taking a scalar
lagrangian density. The latter is constructed using the Dirac field ¥ and its Dirac conjugate
1 = B = 1", which has the property of transforming in such a way to make the product
11 a scalar. Then, one recognizes that a suitable action is given by

—p(Y#0, +m) . (226)

S[w,m=/d4x£, c

Varying ¢ and 1 independently, one finds by the least action principle the Dirac equation and
its conjugate

(V0 +m)(x) =0,  B(x)(y" 9 —m) =0 . (227)

Symmetries

The symmetries under the Lorentz group have already been described. The symmetries
under space-time translations can be verified by taking the spinor ¢(z) transforming as a
scalar (¢(z) — ¢'(2') = ¢¥(x) under x#* — 2" = z* + a* with a* constant). The related
Noether current gives the energy-momentum tensor.

Let us consider in more details the internal symmetry generated by phase transformations

W) — ) =)
W) ) = e Uw) (228)

forming the group U(1). It is immediate to check that the action (226)) is invariant. The
infinitesimal version reads

sp(r) = iay()
§h(a) = —iad(a) (229)

and extending « to an arbitrary function a(z) we compute

35(.7) = - [ d'o 0,0 " (230)
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which verifies again the U(1) symmetry (for constant «), obtaining at the same time the Noether
current

T = iy (231)
which is conserved on-shell (i.e. using the equations of motion: 9,J* = 0). As already noticed,
the conserved charge density is positive definite

JO = ipy*y = iplin " = ¢y > 0 (232)

and was originally interpreted by Dirac as a probability density. In second quantization, it is
interpreted as the symmetry related to the fermionic number (its charge will count the number
of particles minus the number of antiparticles), and in that context eq. becomes an
operator which is no longer positive definite. In the coupling to electromagnetism, it is related
to the electric charge.

More generally, a collection of N Dirac fermions with the same Dirac mass, is invariant
under the U(N) = U(1) x SU(N) symmetry group. To see this, let us consider N fermions 1)
transforming in the fundamental representation of U(NV), the N representation,

YL = U U'; € U(N). (233)

Then, their Dirac conjugate 1, — that contains the complex conjugate fields — transform in the
anti-fundamental representation of U(NV), the N representation,

Uy =y =0y (UT (234)
and the lagrangian B ‘

L=—0;(y"0u +m)y* (235)
is thus manifestly invariant. The corresponding Noether current

TR = e (T (236)

is conserved 9,J"* = 0, and derived by considering the infinitesimal transformations U =
e =1+ ia"T*

If the mass vanishes the internal symmetry becomes larger, and given by the group U(2N),
as left and right handed fermions transforms independently. This fact may be better appre-
ciated and derived after studying the properties of chiral fermions and their charge conjugation.

Action for chiral fermions

Often one analyses the action rather then the equations of motion, and it is thus interesting
to study the action written in terms of the irreducible chiral components ¢, and g and their
Dirac conjugates

Slr, ¥r, g, VR = /d4$£ ; L=~ — brPbr — m(Urr + YriL) (237)

which may be verified recalling the properties of the projectors P g, and in particular

1-
vy =P = 7 Y= 7 Yr
— 1 1+7 —14+4> —
T=ulp = e = et 5 (238)
1+ 1 5
Y Py, = Pry" (@'.e. ~H 27 = :;7 7“) )
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The form of the action shows that the Dirac mass term m cannot be present for a chiral fermion
(i.e. keeping only v, by setting ¢g = 0, for example). Recall that the Dirac mass term is a
term invariant under the U(1) phase transformations given in eq. ([228)f]

However, there is one more Lorentz invariant mass term that is possible: the Majorana
mass. It break the U(1) symmetry related to fermion number. It is used in extensions of the
standard model that describe conjectured phenomena for neutrinos (such as the double beta
decay without emission of neutrinos). It is of the form

Ly = %z/ﬁclw + h.c. (239)

where M is the Majorana mass, C is the charge conjugation matrix in , and “h.c.” indicates
hermitian conjugation. This term is Lorentz invariant, and therefore admissible. It breaks the
U(1) fermion number symmetry of . Lorentz invariance can be explicitly verified: under
infinitesimal transformations of Lorentz one has

S = %wwzww, 5T = %WWWZWT (240)
and using the properties of the charge conjugation matrix in , ie. YT = —C~14#C, one
finds that X7 = —C~'2*(C, and one gets 6Ly = 0. This Majorana mass term remains
nonvanishing for chiral fermions.

Finally, let us remember, without going into much details, that a theory of chiral fermions
it equivalently described in terms of Majorana fermions, that is fermions that satisfy a reality
condition of the form pu.(z) = p(x). A Majorana fermion essentially contains a Weyl fermion
plus its Dirac conjugate (which has opposite chirality, and equivalently described by the charge
conjugate of the original fermion)

p(z) ~ (@) + vre(x) . (241)

To verify that the charge conjugate of a left handed fermion is right handed, we compute

Yre=Cly =CpPr)" =CPriby, = PpCiy = Pribp. . (242)

The Majorana fermion is not irreducible under Lorentz transformations, just like the Dirac
fermion.

Analogies of Dirac and Majorana masses in scalar theories

By definition, a Majorana fermion is described by a spinor field that satisfies a reality condi-
tion of the type p.(z) = p(z), often interpret loosely by saying that particles and antiparticles
coincide. It describes an electrically uncharged fermion. Indeed the transformation is no
longer a symmetry: it cannot be applied to p as it does not respect the constraint p, = p, and

9 In chiral models where parity is not conserved, there may be several right-handed and left-handed fermions
with different charges (and possibly in different numbers). The fermions entering the standard model are in
fact chiral, in the sense that left-hand fermions have couplings different from their right-handed partners (i.e.
different charges). They cannot have Dirac masses, which would not be gauge invariant: the transformation
laws of ¢, under the standard model symmetries (SU(3) x SU(2) x U(1)) are different from those of 1)g. The
Dirac masses of the standard model emerge only as a consequence of the Higgs mechanism for the spontaneous
breaking of the SU(2) x U(1) gauge symmetry.
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the corresponding conserved charge no longer exists. A Majorana fermion possesses half the
degrees of freedom of a Dirac fermion.

One may think of a Majorana fermion as a left-hand Weyl field ¢, plus its complex conjugate
¢} which describes a right-handed field (often one prefers to use the charge conjugate vy, .
instead of 7).

To better understand the physical meaning of Dirac and Majorana mass, it is useful to
describe an analogy with scalar particles. The analog of a Majorana fermion is a real scalar
field ¢, which satisfies p* = ¢ and a Klein-Gordon equation with mass p, derivable from the
lagrangian

1 1
L= =50"00up = S1°pp . (243)
Two free real scalar fields 1 and @y with masses u; and us, are then described by the lagrangian
1., Lyo 1., 1,
L= —50"010up1 = it — 50" 20,2 = 2 - (244)

If the masses are identical, 1 = ps = m, the model acquires a SO(2) symmetry that mixes the
fields o1 and s, and the lagrangian becomes

1 1 1
L= —50"010up1 — 50"020up2 — §m2(<ﬁ% +¢3) - (245)
The term (¢? + ©3) is SO(2) invariant, as is the kinetic term.

The lagrangian can be written in terms of a complex field ¢ defined by

1

¢ = %(901 +ip2) , P = ﬁ(% —ipy) (246)

with ¢; and @9 the real and imaginary part of ¢, respectively. In this basis, the lagrangian

(245) takes the form

The symmetry SO(2) = U(1) becomes ¢/ = ¢®¢ and ¢* = e **¢*, and the corresponding
charge is often called “bosonic number” (it can also act as the electric charge in a coupling to
electromagnetism).

Now let us get to the point: a complex field ¢* is analogous to a Dirac fermion, and its mass
m is analogous to the mass of Dirac. A real field ¢ is analogous to a Majorana fermion, and
its mass p is similar to the Majorana mass. Two Majorana fields with identical masses form
a Dirac fermion, with the identical masses becoming the Dirac mass. A key property of the
latter is that it respects the U(1) invariance. We also understand that, by breaking the U(1)
invariance, it is possible to introduce a further mass term for ¢ and ¢*, directly visible in the
1 and 9 basis, recall eq. . It can be written in the ¢ and ¢* basis as

M2
L=—0"¢*0upp —m°¢"d — — (90 +¢7¢7) . (248)

The term with M? is the analog of a Majorana mass term for a Dirac fermion: it is a mass
term that breaks the U(1) invariance, but keeps the lagrangian real. The explicit relationships
between the mass terms are given by

pi=m?+ M?
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ps =m*— M?*.
Note that M? does not have to be positive, while y? and p3 must be positive to have a potential
energy limited from below. The physical masses are p; and us, as they give the location of the
pole in the propagators (they are the eigenvalues of the mass matrix). In this analogy, we can
reinterpret eq. as saying that ¢ is the analog of a Weyl fermion and ¢* of its conjugate
complex, remembering however that for the bosons there is no invariant concept of chirality.

Green functions and propagator

Let us briefly introduce also the Green function, and related boundary conditions, for the
Dirac equation. The Green function satisfies the equation

(@ +m)S(a —y) =6W(z —y), (249)
formally solved in Fourier transform by
d'p —ip+m
—y) = ip(e—y) T 0 25
Sz =) / (2m)* ¢ p? + m? (250)

Appropriate boundary conditions can be implemented by the prescription how to integrate
around the poles (points in momentum space where p*> + m? vanishes). Exactly the same
discussion given for the Klein-Gordon equation applies to the present context. In particular,
the propagator is obtained by using the Feynman ¢¢ prescription, and takes the form

d'p . —ip+m
Sl — ) — ip-(a—y) m_ 251
(z =) / (27)* ¢ p?+m?2 —ie (251)

The prescription € — 07 makes it consistent to interpret the quantum fluctuations as corre-
sponding to particles or antiparticles with positive energies that propagate from the past to the
future, just as in the case of scalar particles. In QFT it emerges as the correlation function

(W(x)Y(y)) = —iS(x —y)

which propagates a particle from y to x if 2° > ¢°, and an antiparticle from z to y if y° > 2°.

5 Particles of spin > 1

At this point it is relatively easy to describe relativistic wave equations for particles of spin
s > 1 with non-vanishing mass, modeling them on the Klein-Gordon equation (for bosonic fields
of integer spin) and Dirac equation (for fermionic fields of semi-integer spin). They are known
as Fierz-Pauli equations. The difficulties lie in the introduction of interactions, a non-trivial
and subtle problem that we are not going to discuss in these notes.

In the massive case of integer spin s (i.e. s = 0,1,2,... is an integer) the wave function
is given by a completely symmetric tensor of rank s, i.e. with s vector indices ¢,, . ,,, which
satisfies the KG equation in addition to constraint that impose transversality and a condition
of vanishing trace

a- m2)¢u1---us =0
au(buuz..-us =0
¢MNM3-~US = 0. (252)
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To understand their meanings, it is useful to study plane wave solutions, identified by an ansatz
of the form

Dpiropis (T) ~ €4y, () Pt (253)

where the polarization tensor €,,. . (p) describes covariantly the spin orientation.

The first equation imposes the correct relativistic relation between energy and momentum on
the plane wave solution for massive particle: p*> +m? = 0. The second equation (transversality
condition) eliminates covariantly non-physical degrees of freedom: choosing a frame of reference
at rest with the particle one recognizes that the independent components of the wave function
must have only spatial indices, with the latter describing the possible orientations in space of
the spin (polarizations)

M €opty..ps(P) = 0 — only €. i, (p) #0 (254)

where we have split the index p = (0,7) into time and space components. The third equation
(vanishing trace condition) reduces the components of the polarization tensor to have only
those components corresponding to the irreducible representation of spin s, which as we we
know form a tensor of rank s (i.e. with s indices) of SO(3) that must be completely symmetric
and without trace: it has the 2s + 1 independent components corresponding to the 2s + 1
possible spin polarizations.

Let us verify the number of polarizations by counting the number of independent components
of a fully symmetric tensor with s indices taking only three values (the spatial directions of the
frame at rest with the particle) and subtracting the components associated to the trace of the
tensor (to be eliminated to get a vanishing tracdﬂ)

3-4--3+s—1) 3-4--3+s-3) 1 1 B
o - 5= 2) —§($+2)(s+1)—§s(3—1)—28~|—1. (255)

This number is correct and support the statement that the wave field corresponds to massive
quanta of spin s. The calculation is valid for s > 2, but easily extended to lower s.

In the case of a massive particle of half-integer spin s = n + % (where n is an integer),
the field is a spinor with in addition n symmetrical vector indices v, ,, (the spinor index is

implied), and satisfies a Dirac equation with additional constraints that impose transversality
and gamma-tracelessness

(’yua,u + m)wm..‘yn
6M¢MM2---HH =
V“Wug...un

|
o o o

(256)

We will not discuss any further these equations.

In the limit of vanishing mass, the correct field equations must have only two physical
polarizations (the two possible helicities h = =+s). This is usually obtained by considering
equations with gauge symmetries. They need a more detailed discussion, and will not be
presented in these notes (recall that one cannot find a frame at rest with the particle, as the
particle necessarily travels at the speed of light in all reference frames). Gauge symmetries are
responsible for reducing the number of degrees of freedom (i.e. the number of components of

10 A trace can be taken on any two indices, but by symmetry it is equivalent in taking the trace on the first
2 indices: the remaining tensor has s — 2 totally symmetric indices.
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the wave function that satisfies the equations of motion) from 2s + 1, needed for a massive
particle of spin s, to the 2 components needed for massless particles.

However, we will briefly review the case of massless spin 1, which certainly admits non-trivial
interactions with fields of spin 0, 1/2 and 1, as used in the construction of the Standard Model,
and briefly mention the case of massless spin 2 (the graviton, or quantum of the gravitational
waves).

Massive spin 1 particle: Proca equations

Massive particles of spin 1 are described by (252)) with s = 1. It is customary to denote the
wave function ¢, (x) by A,(x). The equations reads

O-m*A, = 0
MA, = 0 (257)

and for this specific case they are known as Proca equations. They can be derived from an
action, which takes the form

1 o1
SplA,] = / d%( — g Fu P — émQA#A“> (258)
where
Fo=0,A,— 0,A, . (259)

An integration by parts brings the action in an alternative form
A 4 1 A O¥ AP 1 w2 1 2 v
SplA) = [ d 93( - 5(% L0V AP+ 5(8MA )2 — S A,A ) (260)

similar to the action of four Klein-Gordon fields A, (first and third term), but with the crucial
addition of the second term (9, A*)? with a very precise coefficient. By varying A, one finds
the equations of motion

5Sp[A]

dAY(x)
also called Proca equations, as they are equivalent to the ones above. In fact, one notices that
the identity 00" F),, = 0 implies

= 0"F,, () —m*A,(z) =0 (261)

MO F,, =m*0"A, =0 . (262)

Thus for m # 0 one has a constraint
oA, =0. (263)
Using this relationship one rewrites Proca equations in as four Klein-Gordon equations
plus a constraint, as in eq. . The constraint tells that of the four A, only three of them
are independent, and covariantly describe the three polarizations associated with the particle
of spin 1.
The invariance of the action and of the equations of motion under Lorentz transformations is
obvious, with A, transforming in the vectorial representation as indicated by its index position

xH — M =AY
Afr)  — A = A A() . (264)
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Plane wave solutions

Plane wave solutions of the Proca equation are obtained inserting in (257)) the ansatz
A, = e, (p)e” (265)

to find that: (i) the momentum p, must satisfy the “mass shell” condition p,p* = —m? (first
equation in (257))), (7i) a linear combination of the four independent polarizations must vanish,
p'e,(p) = 0 (second equation in ) The three remaining polarizations describe the three
degrees of freedom of a spin 1 particle in a manifestly covariant manner. In the rest frame,
the polarization is given by a vector in three-dimensional space (spin 1). Real solutions can be
obtained by combining with appropriate Fourier coefficients these physical plane waves. The
associated quanta have mass m and spin 1, and antiparticles (corresponding to solutions with
negative energies) coincide with the particles (there is no charge that differentiates particles and
antiparticles). If one considers a complex Proca field, particles and antiparticles are different
(they have opposite charges under a U(1) symmetry, which may be related to the electric
charge, as for the W* particles of the Standard Model).

Green function and propagator
With an integration by part one can rewrite the action (258)) in the form

SplA,] = —= [ d'a A, (2)K"(9) A, (z) (266)

DN | —

to identify the differential operator K**(9) = (= + m?)p* + 9#9”. Using this notation the
Proca field equations read
K" (0)A,(z) =0. (267)

The relative Green function G, (z — y) by definition satisfies
K"(8,)Goa(x —y) = 036 (z —y) . (268)

It is identified in Fourier space by

d4p ip-(z— Ny + %
Gy,z/(x - y) = / (27T)4 e p( y) <_ ;2 +_m22 ) (269)
—_——
éuV(P)

Indeed, by symmetry C?W(p) in (269) must have the form

Gan(p) = AD)ar + B(D)P (270)
and requiring (268]) one finds
1 1
Alp) = —— B(p) = —A(p) . 271
(p) e (p) = —5Ap) (271)

Quantizing the Proca field with second quantized methods one finds the propagator

d'p M + 25
_ o . — 7 .(xfy) 1% m
(Au(@)Au(y)) G —y) = —i / Tk <p2 S S ) (272)
—
G;W(P)
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where € — 0. It describes as usual the propagation of particles and antiparticles of spin 1.
Note that the propagator is singular in the limit of vanishing mass, m — 0. Massless spin 1
particles require a separate treatment.

Massless spin 1 particle: Maxwell equations

For m — 0 the Proca action reduces to the Maxwell action, that correctly describes the
relativistic waves associated to massless particles of spin 1 (i.e. of helicity h = +1)

1
Shras| A = / d%( - Z—117#,,1«"#”) (273)
and the equations of motion
O"F,, =0 (274)

correspond to half of the Maxwell equations in vacuum. Using the definition of F),, they can
be written as

0"F,, = 0"(0,A, — 0,A,) = 0A, — 9,0"A, = 0. (275)

The other half of the Maxwell equations are automatically solved by having expressed F},,
in terms of the gauge potential A,

F.=0,A,-0,A,. (276)
Then, F),, satisfies the Bianchi identities
aAF;w + aHFl,)\ + @VFAH =0 (277)

as substituting (276)) into (277) one finds that all terms cancel two by two. These Bianchi
identities are the remaining Maxwell equations. They can be written in an equivalent form
using the fully antisymmetric tensor e#** (normalized by €"% = 1)

"9, Fy, =0 (278)

which in terms of A, become e“”A~'”8V8,\Ap = 0, an obvious identity for any A,. It is customary
to define the dual field strength F),, by

~ 1
F/u/ = ée,uu)\pFAp (279)

with €g123 = —1, which gives a field strength with electric and magnetic fields interchanged by
E — B and B — —FE. Then, the second set of Maxwell equations can be written as

F,, =0. (280)

The novelty of this formulation of massless spin 1 particles is the presence of a gauge
symmetry
A(x) — AL(:IZ‘) =A,(z) + 9,a(x) (281)

which leaves the action (273|) unchanged. Indeed F),, is invariant, and the full action remains
invariant. As we shall see, this fact implies that the action describes only two degrees of freedom
instead of three: they correspond to the maximum and minimum spin states when projected
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along the direction of motion (helicity h = +1). The infinitesimal gauge transformation has

the same form
dA,(x) = d,a(x) (282)

with a(x) considered now an infinitesimal arbitrary function. We can think of this local sym-
metry as associated with the U(1) group, as one can write (281)) in the form

Aur) —  Al(r)=Au(z) - ie~ 1), e (283)
where €'®) € U(1) for any spacetime point.

Plane wave solution

The equations of motion do not have a unique solution (even fixing initial conditions)
because of the gauge symmetry: there is a combination of the dynamical variables that does
not have a unique evolution, as its temporal development can be changed arbitrarily with a
gauge transformation. However, keeping this gauge redundancy is very useful to have Lorentz
invariance manifest, which is instrumental for introducing interactions in a consistent way with
relativistic invariance. The Standard Model is indeed a gauge theory with local symmetry
group SU(3) x SU(2) x U(1).

Gauge invariance can be used to set auxiliary conditions (gauge-fixing conditions) that allow
to find physical solutions by eliminating (sometimes only partially) equivalent configurations
generated by the gauge symmetry. We choose to partially fix the gauge by imposing a covariant
constraint (the Lorenz gauge)

oA, =0 (284)

One may verify that this constraint can always be imposed. With it equations of motion can
be simplified to
0A, =0 (285)

whose plane wave solutions are

Au(x) = eu(p)e™®, pup* =0, puet(p)=0 (286)

and contain 3 independent polarizations £*(p), as one is removed by the the Lorenz gauge con-
straint p,e#(p) = 0. Of these three remaining polarizations, the longitudinal one (i.e. the one
with €,(p) = p,) can be removed by using residual gauge transformations, i.e. gauge transfor-
mations that leave the Lorenz condition unchanged. They are gauge transformations of
the form 0A,(z) = 0,0(x), with B(x) such that the Lorenz gauge is not modified. One
may check that these residual gauge transformations must satisfy

08=0. (287)

A plane wave solution for the gauge function f(z) = ie?* with p,p* = 0, identifies a non-
physical solution of the form

A, =0,0= —pueip'x (288)
where the polarization is proportional to p,. Evidently this solution is equivalent to A, = 0.

Therefore, a plane wave with longitudinal polarization €,(p) = p, is removable by a residual
gauge transformation as

Al (@) = pue®* + 0,8(x) = 0. (289)
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We conclude that only two independent physical polarizations remain, which can be shown to
correspond to the two possible helicities of the photon.

Spin 2 massive particle: Pauli-Fierz equations

The general treatment of spin s is here specialized to the case of s = 2. The dynamical
variables are grouped into a symmetric tensor of rank two, ¢,,,, which satisfies eq.

2
H-m%¢,, = 0
Mo = 0

¢y =0 (290)

with plane wave solutions that carry 5 independent polarizations, corresponding precisely to

the polarization of a particle of spin 2.

Spin 2 massless particle: linearized Einstein equations

The previous equations are not sufficient to describe the massless case, as only 2 physical
polarizations are expected. They correspond to the maximum and minimum possible helicities
of the particle, h = +2. Gauge symmetries are needed in a Lorentz covariant description, and
they are used to eliminate the non-physical polarizations, just as seen for spin 1. We indicate
the spin 2 field with the symmetric tensor h,,(z), that in Einstein’s theory of gravitation
corresponds to the deformation of the Minkowski metric 7,, to a curved metric g, (z) =
M + Ty ().

Using the notation

h =h", (291)

the gauge invariant equations are given by
Ohy — 0,0 hgy — 0,0 gy + 0,0,h =0 . (292)
They are invariant under the local symmetries
Ol = 0u&y + 0,8, (293)

where &,(x) are four arbitrary spacetime functions (they form a vector field).
Gauge symmetry is verified by a direct calculation: varying eq. (292)) under (293)) produces
a vanishing result

00,8 + 0.€,) — 0,(0&, + 0,0 - &) — 0,(0E, + 0,0 - &) +0,0,20 - £ =0.. (294)

Let us now study the plane wave solutions to check that there are indeed only 2 inequivalent
polarizations. We use the four gauge symmetries to impose four gauge conditions (known as
the de Donder gauge)

1
0 hyy = 50, (295)
and the equations (292)) simplify to
Ohp =0 . (296)

In analogy with the massless spin 1 case, we have residual gauge transformations with local
parameters £, (x) satisfying

¢, = 0 (297)
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so that the truly physical solutions, which cannot be eliminated by means of gauge transfor-
mations, are 2. In fact, we calculate 10 (independent components of h,,) — 4 (number of
constraints in de Donder gauge) — 4 (number of solutions that can be eliminated with resid-
ual gauge transformations) = 2. With a more refined analysis, one can prove that these two
independent polarizations correspond to the two physical helicities of the gravitational waves
h = +2.

Finally, we just mention that these equations emerge from the linearization of the Einstein
equations in vacuum

Ryu(g) =0 (298)

where R, (g) is the Ricci tensor built for metric g, (z) = 1, + k(). In the linearization
one keeps only terms linear in h,,(z). Gauge symmetry is related to the invariance under an
arbitrary change of coordinates, suitably linearized.
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A Action principle

We briefly review the least action principle, tracing its application in mechanics and extending
it to field theories.

Consider a non-relativistic particle of mass m that moves in a single dimension with co-
ordinate ¢, and subject to a conservative force ' = —(%V(q). Newton’s equation of motion
reads

F=mgq. (299)

It can be derived from an action principle. The action is a functional of the trajectory of
the particle ¢(¢) (the dynamical variable of the system) and associates a real number to each
function ¢(t). The simplest physical systems are described by an action of the type

S= [ dLed).  Led) =5 - Via) (300

where L(q,q) is the lagrangian. The principle of least action establishes that: the classic

trajectory that joins two points of configuration space is the one that minimizes the action S.
To demonstrate this statement we study the condition for having a minimum. Varying the

trajectory ¢(¢) (with boundary conditions at initial and final times ¢(t;) = ¢; and q(t;) = qy)

in a new function ¢(t) + dq(t), where dq(t) is an arbitrary infinitesimal variation (with dq(t;) =
dq(ty) = 0), and imposing that the action is minimized on the trajectory ¢(t) one finds

0 = dS[q] = Slq+ dq] — S[q]

b .. oV .
= / dt [mq5q — 6(Q) 5q} = mqdq
t; q

t
= —/tifdt [md+a‘g;q>]5q

Y . dV(g)
. —/ti dt [mq—l——a }(5q

i q

Since the variations dg(t) are arbitrary functions, the minimum is reached when the function
q(t) satisfies the classical equations of motion

. V()
mj+—5 = =0 (301)

which reproduce (299)). In general, one obtains the Euler-Lagrange equations

tf ty L . I .
0 = 6S[q]:5/ dtL(q,q):/ gt [8 (q,q)&Ha (q,q)éq}
t; t;

aq dq
_ 0L(¢,9) tf_/tf d 9L(g,4)  9L(g,q)
=~ U,/ b 24 9q Ja
“ 1dOL(g,q) 9L(q,q)
= _/t dt[% oi  oq Ja

form which one finds . .
d 0L(g,q)  0L(q,9)
dt  0q dq

=0. (302)

Observations:
1. The action has dimension [S] = [h] = [energy x time] = M L*/T.
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2. The lagrangian equations of motion are typically of second order in time, and one expects two
“initial conditions” (or, more generally, boundary conditions), conveniently chosen by setting
the position at the initial and final times.
3. The equations of motion are expressible as the functional derivative of the action

65[q]

where the functional derivative is defined by the variation

wM:/ﬁ%%@@.

4. The equations of motion do not change if one adds a total derivative to the lagrangian L,
L—L=L+4A

5. The lagrangian formalism easily extends to systems with more than one degrees of freedom,
and with some more attention to field theories (systems with an infinite number of degrees of
freedom).

To appreciate this last point, let us consider a set of dynamical fields ¢;(x) = ¢;(t, ),
where x indicates the spacetime point. By dynamics one means the evolution over time ¢. At
fixed ¢ the dynamical fields ¢;(¢, ¥) are indexed by i (which labels a discrete set of fields) and
7 € R3, that tells us that at every point of space there is a dynamical variable: thus there are
an infinite number of degrees of freedom. By discretizing the space and considering a finite
volume, one can approximate a field theory as a mechanical model with a finite number of
degrees of freedom. Typically, when the latter are the true physical degrees of freedom (e.g.
in the atomic structure of matter) but very large in number, the continuum approximation is
very useful. The lagrangian L is often expressed as an integral of a lagrangian density £

L(t) = / &>z L( ¢, 0,0:) (304)
so that the action takes the form
ste) = [aerio) = [ atec(6.9,0) (305)
Imposing the extremality condition .5 = 0, one finds the corresponding Euler-Lagrange equa-
tions or ar
Oy—————=0. (306)

ua@u(bi) 8@-

Symmetries and Noether’s theorem

The study of symmetries of a physical system is very useful for the identification of the
equations of motion that govern the system. One can define the concept of symmetry as:
A symmetry is a transformation of the dynamical variables ¢(x), induced possibly by a trans-
formation of the coordinates x*,

/
x#

o(x)

— o = fr(x)
(307)
H

Qb,(x/) - F(¢(x)> au¢(x)v Z, )
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that leaves the equations of motion invariant in form.

We talk about internal symmetries (opposite to spacetime symmetries) if the coordinates
x# are not transformed. Since the equations of motion are invariant in form, they admit the
same kind of solutions, and one cannot determine if we are in the “old frame of reference” or
the “new frame of reference”. These frames of reference are to be treated on equal footing,
without one of them being identified as privileged. A test to check if a transformation is a
symmetry makes use of the action. If the action is invariant under the transformation (307)),
up to boundary terms (which emerge as integrals of total derivatives, they do not modify the
lagrangian equations of motion),

S[¢'] = S[¢] + boundary terms (308)

then the transformation is a symmetry; in fact, the equations deduced from the action principle
are of the same form, being obtainable from identical actions.

A physical system can present different types of symmetry: discrete symmetries, continu-
ous symmetries (associated to a Lie group), local symmetries (also called gauge symmetries).
An even more general concept is that of “background symmetry”, described by generalized
transformations in which the parameters of the theory (often called coupling constants) are
transformed as well: for example this is the case if external potentials present in the action
are also transformed (thus, a background symmetry is not a true symmetry in the technical
sense defined above, but links solutions of a theory with certain parameters to the solutions of
another theory with transformed parameters).

For Lie symmetries, symmetries that depend continuously on some parameters, one can
prove the Noether theorem, which states that:

For each continuous parameter of the symmetry group there is a conserved charge. In field
theories, this conservation is expressed by a continuity equation.

We demonstrate this theorem for an arbitrary field theory, which includes as a subcase
systems with a finite number of degrees of freedom as well.

A symmetry transformation that depends on a parameter o can be described in general
terms by

at — 2" = fMx,«q)
o(x) — ¢ (") = F(¢(x), 0,0(x), z, )

where by definition we have the identity transformation for &« = 0. The infinitesimal transfor-
mations (with parameter v < 1) can be written as follows

bad(z) = ¢'(x) — ¢(x) = aG(¢P(x), Duo(2), ) (310)

with an appropriate function G obtainable from the function F' in (309). By hypothesis of
symmetry, we have that §,5[¢] = 0, up to boundary terms that can be dropped. To prove
that there is a conserved quantity associated with this symmetry, one extends the symmetry
transformation to a transformation of a more general type with parameter «(z), no longer
constant but depending arbitrarily on the spacetime point

ban)®(2) = a(@)G((x), Dud(a). ) (311)

(309)
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This transformation will not generically be a symmetry, but one can certainly state that the
action must transform in the following way

S Slo] = [ s 0,0(0)7 (312)

again up to boundary terms (integrals of total derivatives). In fact, if we take the case of
« constant we must satisfy the hypothesis that the transformation is a symmetry. Thus, for
an arbitrary function «, the variation depends only on then derivative of «, not on « itself.
Now the current J* which appears in (312)) is the Noether current that satisfies an equation of
continuity (associated with the conservation of a charge). To see that, one uses the equations
of motion, which assures that the variation of the action evaluated on the solutions of the
equations of motions vanish under any transformation (“least action principle”): in particular
it must vanish under the transformations with a local parameter given in (311])

0 = da()S|¢]

= /d”x ouo(z)J"

= —/d":v a(z)o,J"

— GMJ“(gbo) =0

%0 o) o)

where we have integrated by parts, and used that «(x) is an arbitrary function, to deduce the
continuity equation. Note that we must evaluate the variation of the action at the point of
minimum, indicated with ¢y, which solves the equations of motion. Consequently the current J,
must be evaluated on the solution of the equations of motion (indicated here with the notation
JH(¢o). This type of Lie symmetries are called rigid symmetries or global symmetries. For each
parameter of the Lie group, there is a conserved charge ()

Q= /d% Jv. (313)

This charge is conserved because we can calculate
d 3 0 3 i

where it is assumed that the spatial components of the current go to zero quickly enough to
cancel eventual boundary term (this means that we consider localized solutions in a region of
space, and nothing enters or leaves the spatial infinity).

Lie symmetries with parameters that are arbitrary functions of time (and space) are called
local symmetries or gauge symmetries. In this case, the previous method does not produce any
Noether current, as the variation of the action is always zero for any local function and without
using the equations of motion. The presence of local symmetries tells that the dynamical
variables we are using are redundant: with a gauge transformation one can modify arbitrarily
the time evolution of a suitable combination of them. Thus the evolution of this combination
is not fixed by the equations of motion, and can be considered as a redundant variable for the
description of the system.
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B Particles with spin

In quantum mechanics the wave function (%) is a scalar object. It satisfies the Schrédinger
equation and describes a spinless particle. After the discovery of the spin of the electron, Pauli
introduced the spin operator S = %‘5, defined in terms of the Pauli matrices, which acts on a
wave function with two components

(@) o
V(@) = ( v (@) ) Som= (1) (315)

usually taken to diagonalize S3, the third component of the spin. This wave function with two
components satisfies a Schrodinger equation, which takes the name of Pauli equation.

One could also consider particles with different spin. In general the spin operator must
satisfy the algebra of the angular momentum, the SO(3) ~ SU(2) Lie algebra,

[S7,57) = ine ik Sk . [§7,5% =0 (316)

and indeed the Pauli spin operator satisfies such an algebra, with 52 = R2s(s+1) = %h2, indeed
corresponding to spin s = 1/2.

Other spins correspond to the irreducible representation of the above algebra, which are
labeled by the integer (bosons) or half-integer (fermions) quantum number s. They contain
2s + 1 different components (polarizations). A general spin s can be obtained also by adding
together several spin 1/2, i.e. combining wave functions of different particles of spin 1/2, and
keeping the irreducible component of pure spin s. In any case, having the spin quantum number
s fixed, there are only 2s + 1 states, usually written in the basis where S? is diagonal as

|s, 83), s3=8,8—1,...,—s (317)

For integer spin, s = 0,1, 2, .., one finds the same classification as for the orbital angular
momentum (I =0,1,2,...), and for spin 1 the wave function has just 3 components

Un(T) = | (@) | ~ | Py(T) | = il(d) (318)
w—l(f) ¢z(f)

where m = (1,0, —1) and i = (z,y,2). The equivalence with the usual vector field v, is of
course obtained by a change of basis (namely, ¢4, ~ 1, £1i1),). Thus, 1; transforms as a vector
under SO(3).

The other irreducible representations of SO(3) (i.e. those for integer spin) can also be
obtained by adding various spin 1 together, which means taking the tensor products of several
spin 1 representation, and decomposing them into irreducible representation. In particular, the
spin s can be obtained by tensoring s spin 1 together, and keeping the symmetric traceless
part in the irreducible decomposition of the tensor. Thus, the representation of spin s of the
rotation group SO(3) acts on a totally symmetric and traceless tensor ¥ ;, ;.:

Viy gokeis = Viy kojois » Vjjig..is = 0. (319)
For example, for spin 2 one would consider

191=0501602 (320)
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which contains the spin 2 representation 2. This translates into considering the tensor product
of the wave functions ; and x;, and decomposing it as

1 N
VYix; = My = Sij + Ay = §5ij5 + Aij + Sij (321)

where S;; = %(Mw + M;;) is the symmetric part, A;; = %(MZ] — Mj;) the antisymmetric part,
S = 6;;S;; = Si the trace (the scalar of spin 0), and S’ij =5 — %%S the traceless symmetric
part (the spin 2). The representation identified by A;; corresponds to spin 1, as evident by the
change of basis V; = %eijkMij (€ is an invariant tensor for SO(3)).

Thus spin s is described by a totally symmetric and traceless wave function ¢, ;. (Z).

To have a relativistic description for a particle of spin s, that would be manifestly covariant,
one would need to add time-like components to have tensors under the Lorentz group

Vi = Yy = Ay, Yigig.is = Vprpioope = Ppapin..s (322)

as used in the Fierz-Pauli description. However, the additional components should be eliminated
somehow, as they were not there to start with. The Fierz-Pauli constraints do precisely that
in a covariant manner.
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