The form factor program

scaling ZN-Ising model + affine AN�1-Toda model

H. Babujian and M. Karowski

Florence, September 2003

• The “Bootstrap Program”

• The Models

• S-matrix

• Form factors

– A general formula for form factors – Examples – Quantum field operator equations

– Typeset by FoilTEX –

The “Bootstrap Program”

Construct a quantum field theory explicitly by:

1. Calculate the 2-particle S-matrix using (a) general Properties: unitarity, crossing etc. (b) symmetry properties (c) “Yang-Baxter Equation” (d) “bound state bootstrap” (e) ‘maximal analyticity’

2. Calculate the “form factors” ⟨ 0 | ϕ(x) | p_1, . . . , p_n ⟩^{in} = e^{−ix(p1+···+pn)} f^ϕ (p_1, . . . , p_n) using (a) the S-matrix (b) LSZ-assumptions (c) ‘maximal analyticity’

3. Calculate the “Wightman functions”

⟨ 0 | ϕ(x)ϕ(y) | 0 ⟩ = ∑ n ∫ ⟨ 0 | ϕ(x) | n ⟩^{in in}⟨ n | ϕ(y) | 0 ⟩

The bootstrap program classifies integrable quantum field theoretic models

The models

Motivation:

Classical statistical lattice model in 2-dim

Z = ∑ {σ} exp − 1 kT ∑ ⟨ij⟩ E(σ_i, σ_j) σ_i ∈ { 1, ω, . . . , ω^{N−1} } , ω = e^{2πi/N} scaling limit → massive Z_N-Ising quantum field theory

Classical A_{N−1}-Toda field equations �⃗αj⃗φ +^α_β^(2e^{β⃗αj⃗φ} − e^{β⃗αj+1⃗φ} − e^{β⃗αj−1⃗φ)} = 0 ⃗φ = ( φ^1, . . . , φ^{N−1} ) fields, ⃗α_j = simple positive roots.

Both quantum models Z_N and A_{N−1} have the same particle spectrum:

a = 1, . . . , N − 1 such that ā = N − a

bound states: (a, b) → c = a + b

in particular (1, . . . , 1 ) N − 1 → (N − 1) = ¯1

Integrability

means : ∂_μJ^μ_L(t, x) = 0 (L = ±1, ±3, . . . ) Consequence : S^{(n)}(p_1, . . . , p_n) = ∏ i<j S_{ij}(p_i, p_j) 2-particle S-matrix

S_{αβ}(θ_{12}) = � � � • @@ @@ @@ p_1 p_2 α β , p_i = m_i ( cosh θ_i sinh θ_i )

The S-matrix for two type 1 particles:

Z_N -Ising model [Köberle Swieca 79]

S^Z_{11}(θ) = sinh^1_2(θ +^{2πi}_N ) sinh^1_2(θ −^{2πi}_N )

A_{N−1}-Toda model [Arinshtein Fateev Zamolodchikov 79]

S^T_{11}(θ) = sinh^1_2(θ +^{2πi}_N ) sinh^1_2(θ −^{2πi}_N ) sinh^1_2(θ − (2 − B)^{πi}_N ) sinh^1_2(θ + (2 − B)^{πi}_N ) sinh^1_2(θ − B^{πi}_N ) sinh^1_2(θ + B^{πi}_N )

where B =

2β^2 4π + β^2

Form factors

Definition: Let O(x) be a local operator ⟨ 0 | O(0) | p_1, . . . , p_n ⟩^{in}_{α1...αn} = f^O_{α1...αn} (θ_1, . . . , θ_n) = ´` ıȷ_{O. . .}

LSZ-assumptions + ’maximal analyticity’ } =⇒ Properties of form factors

(i) Watson’s equation f^O_{...ij...}(. . . , θ_i, θ_j, . . . ) = f^O_{...ji...}(. . . , θ_j, θ_i, . . . ) S_{ij}(θ_i − θ_j) ´` ıȷ_{O... ... =} ´` ıȷ_{O�AAA... ...} (ii) Crossing ᾱ_1⟨ p1 | O(0) | . . . , pn ⟩ in,conn. ...αn = f^O_{α1...αn}(θ_1 + iπ, . . . , θ_n) = f^O_{...αnα1}(. . . , θ_n, θ_1 − iπ) ´` ıȷ_{O. . . conn. =} `ȷ ´` ıȷ_{O. . . =} `ȷ ´` ıȷ_{O. . .}

(iii) Annihilation recursion relation 1 2i Res θ_{12}=iπ

f^O_{1...n}(θ_1, . . . ) = C_{12} f^O_{3...n}(θ_3, . . . ) (1 − S_{2n} . . . S_{23})

1 2i Res θ_{12}=iπ

´` ıȷ_{O... =} �´` ıȷ_{O... −} ’ $ % ´ ´` ıȷ_{O...} (iv) Bound state form factors 1 √ 2 Res θ_{12}=ia

f^O_{123...n}(θ) = f^O_{(12)3...n}(θ_{(12)}, θ^′) Γ^{(12)}_{12} 1 √ 2 Res θ_{12}=ia

´` ıȷ_{O... =} ´` ıȷ_O �... (v) Lorentz invariance f^O_{1...n}(θ_1 + u, . . . , θ_n + u) = e^{su} f^O_{1...n}(θ_1, . . . , θ_n) where s is the “spin” of O

[Karowski Weisz 1978] [Berg Karowski Weisz 1979]

[Smirnov 1992]

[Babujian Fring Karowski Zapletal 1998]

Solutions of the form factor eqs. (i) – (v) 2-particle form factors

Watson’s equations + crossing F (θ) = F (−θ) S (θ) F (iπ − θ) = F (iπ + θ) “maximal analyticity” ⇒ unique solution

The minimal Z_N -Ising form factor [Karowski 79]

F^Z(θ) = exp ∫_∞ 0 dt t 2 sinh t^{N−1}_N cosh t^1_N

sinh^2 t ( 1 − cosh t ( 1 − θ iπ ))

The minimal A_{N−1}-Toda form factor [Destri de Vega 90]

F^T (θ) = exp ∫_∞ 0 dt t −4 sinh t^{N−1}_N sinh t^B_{2N} sinh t^{2−B}_{2N} sinh^2 t

× cosh t ( 1 − θ iπ )

The General solution for f^O_{α1...αn}(θ_1, . . . , θ_n)

(α_i = type of particle)

Babujian Fring Karowski Zapletal Nucl. Phys. B538 [FS] (1999) 535-586 Babujian Karowski, Nucl. Phys. B620 [FS] (2002) 407-455

General form factor formula f^O_{α1...αn}(θ) = ∫ Cθ dz_1 · · · ∫ Cθ dz_m h(θ, z) p^O(θ, z) Ψ_{α1...αn}(θ, z)

satisfies the properties (i) – (v).

integration contour C_θ h(θ, z) = scalar function depending on the S-matrix “Bethe ansatz” state Ψ_{α1...αn}(θ, z) p-function p^O(θ, z) depending on the operator O(x)

A similar formula has been proposed by Smirnov, World Scientific 1992

Two examples −→

ZN -Ising and AN−1-Toda form factors

For models without backward scattering

f^O_n (θ) = K^O_n (θ) ∏ 1≤i<j≤n F (θ_{ij})

Form factors for n-particles of type 1:

K^O_n (θ) = linear combination of the fundamental blocks:

I_{nm}(θ, p^O_n ) = 1 m_1! . . . m_{N−1}! N−1∏ k=1 mk∏ j=1 ∫ Cθ dz_{kj}

× N−1∏ k=1 mk∏ j=1 n∏ i=1 ϕ(z_{kj} − θ_i) mk∏ 1≤i<j τ(z_{ki} − z_{kj})

× N−1∏ 1≤k<l mk∏ i=1 ml∏ j=1 κ(z_{ki} − z_{lj})p^O_{nm}(θ, z)

with κ(z) = 1 ϕ(−z) , τ(z) = 1 ϕ(z)ϕ(−z) The p-functions p^O_{nm}(θ, z) depend on the operator O(x) whereas the other functions are determined by the S-matrix only.

(1, . . . , 1 ) N − 1 → (N − 1) = ¯1 = anti-particle of 1

and the form factor recursion relations (iii) + (iv) =⇒ N−1∏ k=1 ϕ ( θ + k 2πi N )_{N−1}∏ k=0 F ( θ + k 2πi N ) = 1

Solutions:

ϕ^Z(z) = 1 sinh^1_2z sinh^1_2(z − 2πi/N)

ϕ^T (z) = ϕ^Z(z) sinh^1_2 ( z − iπ N B ) sinh^1_2 ( z − iπ N (2 − B) )

they satisfy the ’Jost-function property’ ϕ(θ) ϕ(−θ) = S(θ)

Examples of operators and their p-functions

The Z_N -Ising model For Q, Q̃ = 0, . . . , N − 1 :

operators ψ_{Q,Q̃}(x) with charge Q spin QQ̃/N statistics e^{2πiQ̃/N} ↔ p^{QQ̃}_{nm}(θ, z) = exp Q̃ N n∑ i=1 θ_i − Q̃∑ k=1 mk∑ j=1 z_{kj}

where n = Nm + Q , m_k = m + 1 for k < Q , m_k = m else In particular: Q̃ = 0 : order parameter σ_Q(x) Q = 0 : disorder parameter μ_{Q̃}(x) Q = Q̃ para-fermi fields ψ_Q(x) with spacelike commutation rules: σ_Q(x)σ_Q′(y) = σ_Q′(y)σ_Q(x) μ_{Q̃}(x)μ_{Q̃}′(y) = μ_{Q̃}′(y)μ_{Q̃}(x)

σ_Q(x)μ~_Q(y) = μ~_Q(y)σ_Q(x) { 1 for y^1 > x^1 e^{2πiQQ̃/N} for y^1 < x^1 ψ_Q(x)ψ_Q(y) = ψ_Q(y)ψ_Q(x)e^{2πiQ2/Nϵ(y1−x1)} which agrees with conformal Z_N para-fermi field theory [Fateev Zamolodchikov 1985] The form factors agree for N = 3 with [Kirilov Smirnov 1988]

The A_{N−1} Toda model form factors for exponential of the fields

O(x) = : exp ⃗γ⃗φ : (x) .

K^O_n (θ) = N_n n∑ m_1=0 · · · n∑ mN−_1=0 N−1∏ k=1 q^{mk}_k I^T_{nm}(θ, 1) satisfies the ’clustering’ property for Re θ_1 → ∞

f_n(θ_{1,}θ_{2,} . . . , θ_n) → f_1(θ_1) f_{n−1}(θ_{2,} . . . , θ_n)

which is typical for exponential of the fields of bose fields In particular : exp γ⃗α_j⃗φ : (x) ↔ q_k = ω^{−k}ω^{−γ̂}(^{δkj −δkj+1}) The form factors of the bound states | p ⟩_b are

⟨ 0 | :exp γ⃗α_j⃗φ:(0) | p ⟩_b = β πB √ NZ^b χ_b(γ, j)

χ_b(γ, j) = N−1∏ k=1 q^{−b/N} k ∑ 0≤k_1<···<kb<N q_{k1} . . . q_{kb}

= −4ω^{−bj} sin^{bπ}_N sin^π_N sin ( π N Bγ 2β ) sin π N ( 1 − Bγ 2β )

which agrees with [Lukyanov 1997]

The wave function renormalization constants Z^a are defined as

⟨ 0 | φ^a(0) | p ⟩_b = δ_{ab} √ Z^a We calculate

Z^a = πB(2 − B) 4 sin^π_2 B exp ∫_∞ 0 dt t × 2 sinh^1_2^t_N B sinh^1_2t^{2−B}_N sinh^2 t sinh t^1_N ( sinh^2 t a N + sinh^2 t ā N )

which agrees with [Destri de Vega 1990]

For example:

0.97

0.98

0.99

Z^1 1

0 0.5 1 1.5 2 B

N = 2 5 4 3

The wave function renormalization constants Z^1(B, N)

Quantum field operator equations The following operator equations are equations of all their matrix elements: �⃗αj⃗φ +^α_β : (2e^{β⃗αj⃗φ} − e^{β⃗αj+1⃗φ} − e^{β⃗αj−1⃗φ}) : = 0 where the renormalized and the ”bare” mass are related by

m^2 = 4 α sin^2 π N 2N sin^π_{2N} B sin^π_{2N} (2 − B) πB sin^π_N

quantum correction ↑ ∞ set of conservation laws ∂_μJ^μ_L(t, x) = 0 (L = ±1, ±3, . . . ) p-functions (for both models Z_N -Ising and A_{N−1}-Toda):

p^{J±L}nm(θ, z) = n∑ i=1 e^{±θi} N−1∑ k=1 mk∑ j=1 e^{Lzkj}

such that the charges Q_L = ∫ dxJ^0_L(x) satisfy ( Q_L − n∑ i=1 e^{Lθi} ) | p_1, . . . , p_n ⟩^{in} = 0