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Twoapproachesto2dquantumgravity

•Continuousapproach:

matterfieldCFTcoupledtoLiouvillefieldtheory

〈

e
∑

λiΦi

〉

QG
=

∫

Dgab

〈

e
∑

λiΦi

〉

QFT

∗Methods:Perturbativecalculations,CFTmethods,quantum

groups,...

•Discreteapproach:

Statisticalmodelsonrandomplanargraphs

Large-Nmatrixmodels:enginestoproduceplanargraphs

∗Methods:Loopequations,integrablehierarchies,...
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BPZdescriptionofLiouvilletheory(DOZZ-proposal):

–Bulk3pfunction[Dorn-Otto,Zamo-Zamo,Teschner](1994)

–Boundary2pfunction[Fateev-Zamo-Zamo](2000)

–Bulk-boundary2pfunction[Hosomichi](2001)

–Boundary3pfunction[Ponsot-Teschner](2002)

Theboundary2pfunctionhavebeenobtainedassolutionofa

finite-differenceequation.

Aretheseresultsreproducibleinthediscreteapproach?

Ourstatement:

1.Allfundamentalboundarycorrelationfunctionsin

Liouvilletheorysatisfysimilarfinite-differenceequations.

2.Theseequationscanbederivedinthediscrete

approach*

*)Uptoanormalization
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1.Liouvilledescriptionof2dQGonadisc

•Upperhalfplane(UHP)geometry:⇒factorization:matter×Liouville

Amat+ALiouv=

∫

UHP

[

1

4π

(

(∇χ)
2

+(∇φ)
2
)

+µe
2bφ

]

+

∫

IR

µBe
bφ

atinfinity:φ(z,z̄)∼−Qlog|x|
2
,χ(z,z̄)∼−e0log|x|

2
.

•Weylinvariance:cmat+cLiouv+cghosts=0

⇒(1−6e
2
0)+(1+6Q

2
)−26=0

Solution:Q=
1
b+b,e0=

1
b−b

b∈IR⇒cmat≤1,(b≤1)

•Boundaryconditions:

Matterfield:Dirichlet(∂||χ=0)orNeumann(∂⊥χ=0)

Liouvillefield:Neumann,labeledbyµB(∂⊥φ=4πµBe
bφ

)
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BoundaryfieldsinQuantumGravity(BoundaryKPZfields):

•matterfieldsdressedbyLiouvillevertexoperators;

•characterizedbytheleft/rightboundaryconditions[Cardy]
1984

—mattercomponent:

–electricorvertexoperators(N/N)

–magneticoperators(D/D)

–twistoperators(N/DorD/N)

—Liouvillecomponent:

separates2piecesofboundarywithµBandµ
′
B:

.
µµ’ x BB

•Example:TheelectricKPZoperator:

Be(x)=e
ieχ(x)

×e
βφ(x)

∆B=e(e−e0)+β(Q−β)=1⇒β±(e)(β−≤β+)
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2.Discreteapproach:Loopgasonarandomgraph

Worldsheet→randomplanargraph

Matterfield→gasofnonintersectingloopsontherandomgraph

Fugacity:n=−2cosπg,g–‘Coulomb-gascoupling

•Loopgaspartitionfunction[I.K.
89

]:

Z(µ,M,z)=
∑

triangulations

∑

loops

n
[#loops]

e
−µA−MLloops

−µBLbound

A:areaoftheworldsheet,µ:cosmologicalconstant

Lloops:totallengthoftheloops,M:looptension,

Lbound:lengthoftheboundary,µB:boundarycosmologicalconstant.
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•Criticalphases:matterCFTwithc=1−6
(g−1)

2

g

densephase:dilutephase:

0<g<1,g=b
2

1<g<2,g=1/b
2

µ∼M
2g

µ∼M
2

•loopconfigurations↔localSOSheightvariable

discretizingthegaussianfieldχ

•Thediluteanddensephasesarerelatedby

b↔1/b,electric↔magneticduality.

•Onlythedilutephasematcheswiththefunctionalintegral
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•Boundaryconditionsfortheheightvariableχ:

Dirichlet(fixed)b.c.Neumann(free)b.c.

•Boundaryoperatorsintheloopgasrepresentation:

lines

DSLD

L

...

������

pN NV

������

L lines

DN TL

����� �����

magneticelectrictwist

∆flat=
[(L+1)/b−b]

2

4−
e
2

0

4
P

2

4−
e
2

0

4
[(L+1/2)

2
/b]

4−
e
2

0

4

(r,s)=(L+1,1)diagonal(L+
1
2,0)
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3.Boundarycorrelationfunctionsinthediscreteapproach

•Considercomplexboundarycosmologicalconstants

µB→z∈C

•Theboundarycorrelatorsaremeromorphicfunctionsinzwitha

cut−∞<z<−M.

•Integralequations⇒boundaryconditionsonthecut⇒

monodromyrelationsinthevariablez.

•Thecutisunfoldedbyintroducingtheuniformizationvariableτ:

z=Mcoshτ.

monodromyrelations⇒finite-differencefunctionalequations.
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4.Factorizationformula[Migdal]
1988

•Theintegralequationsfollowfromthefollowingfactorizationproperty

oftheintegrationmeasureoversurfaces

=

8

l=0 Σx

ll 12 Γ

∫

Dgab(M)

∫

M

DΓ=

∫

∞

0

d`

∫

Dgab(M1)

∫

Dgab(M2)

theredlineΓrepresentsaself-avoidinglineontherandomgraph

`–thelengthoftheline
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Boundary2pfunctionofmagneticoperators[I.K.
02

]

DL(z1,z2)=〈[SL]
z1z2

[SL]
z2z1

〉disc

2 τ 1τ = D
...

L

L

L

	
	�
�

�
�


�
��
�

�
��
�

L−1 W =D DL

������

������
������

������

D̂L(`1,`2)=
∫

∞

0d`Ŵ(`1+`)D̂L−1(`,`2)

⇒DL(z1,z2)=

∮

dz

2πi

W(z1)−W(z)

z1−z
DL−1(−z,z2)

⇒Equationforthediscontinuityalongthecut.Goingtothe

τ-variable(z=Mcoshτ)wegetthefinitedifferenceequation

DL(τ1+iπ,τ2)−DL(τ1−iπ,τ2)=isinhgτ1DL−1(τ1,τ2)

initialcondition:D0(τ1,τ2)=
W(z1)−W(z2)

z1−z2⇒explicitsolution
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Boundary3pfunctionofmagneticoperators[KPS.
02

]

CL1,L2,L3(τ1,τ2,τ3)=〈[SL1]
τ2τ3

[SL2]
τ3τ1

[SL3]
τ1τ2

〉disc

τ

τ

τ

3

2

1

LLL
= C������

������
 � !�!"�"#�#

$�$%�%

&�&'�'
L

L2

3

L1

23 1

C W L=

L  −1

L  −1

L

L

L

C

1

3

1

2

3

2

()(*)*

+)+,),

-)-.).
/)/0)01)12)2

3)34)4

⇒Differenceequation:

CL1,L2,L3(τ3+iπ,τ1,τ2)−CL1,L2,L3(τ3−iπ,τ1,τ2)

=(W(τ3+iπ)−W(τ3−iπ))CL1−1,L2−1,L3(τ3,τ1,τ2).

Initialcondition:C000(z1,z2,z3)=
∮

dz
2πi

W(z) ∏

i
(z−zi)⇒solution
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2.ComparisontotheresultsinboundaryLiouvilletheory

(Vα(z,z̄)=e
2αφ(z,z̄)

,Bβ(x)≡e
βφ(x)

)

1.Bulkone-pointfunction[Fateev,Zamolodchikovs
00

]:

〈Vα(z,z̄)〉τ=
Uα(τ)

|z−z̄|
2∆p

2.Boundarytwo-pointfunction[FZZ
00

]:

〈

[Bβ1(x)]
τ1τ2

[Bβ2(x
′
)]

τ2τ1

〉

=
δ(β2+β1−Q)+D(β1|τ2,τ1)δ(β2−β1)

|x−x
′
|
2∆β1

3.Bulk-boundarytwo-pointfunction[Hosomichi
01

]:

〈Vα(z,z̄)[Bβ(x)]
ττ
〉=

Rα,β(τ)

|z−z̄|
2∆α−∆β

|z−x|
2∆β

4.Boundarythree-pointfunction[Ponsot-Teschner
02

]:

〈[Bβ1(x1)]
τ2τ3

[Bβ2(x2)]
τ3τ1

[Bβ3(x3)]
τ1τ2

〉=
Cβ1β2β3(τ1τ2τ3)

|x21|
∆1+∆2−∆3

|x32|
∆2+∆3−∆1

|x31|
∆3+∆1−∆2.
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•Boundary2pfunction:

D(β|τ1+iπ,τ2)−D(β|τ1−iπ,τ2)=iM
1/b

2

c(β)sinh
(

τ1

b2

)

D(β+
1

2b
,τ1,τ2)

withc(β)=
2M

1/b
2

Γ(1−2β/b)

b
2

Γ(2+1/b
2
−2β/b)

•Boundary3pfunction:

C
(τ1,τ2,τ3+iπ)
β1,β2,β3−C

(τ1,τ2,τ3−iπ)
β1,β2,β3=c(β1,β2,β3)sin

(

τ3

b2

)

C
(τ1,τ2,τ3)

β1+
1
2b,β2+

1
2b,β3

with

c(β1,β2,β3)=
2
b
2M

1/b
2Γ(1−2β1/b)Γ(1−2β2/b)

Γ(1−(β1+β2−β3)/b)Γ(2+1/b
2
−(β1+β2+β3)/b)

andthecorrespondingdualequations(b→1/b)
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Conclusions

•Theboundarycorrelationfunctionsforupto3operatorsin2DQG

satisfydifferenceequations,whichcanbederivedbycuttingopenthethe

pathintegral(inthediscreteapproach)orfromthefusionruleswith

degeneratefields(intheLiouvilleCFT).

•Thedifferenceequationsinthediscreteapproachwerederivedfora

discreteclassofoperators,butthereareindicationsthattheyholdfor

moregeneralcases.

•ThenormalisationcoefficientsinquantumgravityandLiouvilleare

different,becauseofthecontributionofthematter→computethis

contribution.

•Thedifferenceequationsinquantumgravityholdforarbitrarynumber

ofoperatorinsertions(whenthefactorizationofthecorrelatorsmatter×

Liouvilledoesnotholdanymore).→Findthecorrespondingoperator

algebra(Boundarygroundring?)

14


