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Quantum integrable models

Interests

e [Exacts results not accessible by usual techniques
e Direct applications : condensed matter, solid state physics,...

e Mathematics : quantum groups, knot theory,...
What can we compute?

Hamiltonian spectrum, scattering matrix , partition function, critical exponents,....
(Bethe, Onsager, Yang, Baxter, McCoy, Faddeev, Zamolodchikov,...)

Correlation functions?

try ((9 e_H/kT>

(0) =~y
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Correlation functions
Why is it so difficult? (Bethe ansatz already 70 years old...!)

For example at T=0 only the ground state |1,) of H contributes :

(Pl O ltbg)

Three main problems to be solved :

e Compute exact eigenstates and energy levels of the Hamiltonian (Bethe ansatz)

e Obtain the action of local operators on the eigenstates : main problem since eigenstates
are highly non-local!

e Compute the resulting scalar products with the eigenstates

Beyond Ising type models (there, use the free fermion algebra)...?
(Lieb, Shultz, Mattis, Wu, McCoy,...)
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A very brief history...

Three main lines of approach have been developped :

e Bootstrap methods for the form factors 4+ sums over all eigenstates (Karowski, Weisz,
Smirnov,....)

e Infinite volume + non-abelian quantum symmetries (Jimbo, Miwa,....)

e Finite volume + algebraic Bethe ansatz (lzergin, Korepin,...)

—— More recently a new approach :
Algebraic Bethe ansatz in finite volume + solution of the quantum inverse scattering

problem (Kitanine, Maillet, Terras)
—— At zero temperature, and in the thermodynamic limit, it leads to multiple integral

representations of the correlation functions for the XXZ spin-1/2 chain
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The spin-1/2 XXZ Heisenberg chain
H = Z%:l (OmOmyr T oo + A (000, — 1)) — %Z%ﬂ o

e Hamiltonian eigenstates
- . _( AN B(A)
Algebraic Bethe ansatz : o, — T'(\) = ( C(A) D)
TN =Tu1. NA) =Lan(A—€&n) ... Laa(A — &1)

Lan(X) being 2 X 2 matrices with entries function of o'¥"* operators in site n.

D Rioa( A1, A2)Thi (M) T2(A2) = To(A2)T1 (A1) Ria( A1, A2)

(A = AQ) + DA, [t ()] = 0
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Hamiltonian : H = 2sinhn (% log t(>‘>‘>\:g + cforall §; = 0.

Eigenstates of (1) : |¢) =[], B(Xx)|0) with { Ay} solution of the Bethe equations.

e Action of local operators on eigenstates

Resolution of the quantum inverse scattering problem : o «—T'(\)

J—1 j

o, = 1]t BE) ][t (&),
k=1 k=1
J—1 j

o =[]t - &) T] (&),
k=1 k=1

o; =t - (A=D)(&) - T] (),
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+ Yang-Baxter algebra for A, B, C, D to get the action on arbitrary states, for example

N+1 N+1
(0] H C(Ax) A(An+1) —Z Ay (0] H C(Ak)
k;;éa

e Scalar products :

detU ({p;}, {Ae})
detV ({p;}, {Ar})

for {\r} a solution of Bethe equations and {;} an arbitrary set of parameters, :

ol TT ) T BOwW 10) =

1
Uab — 8)\(17-(/1'1)7 {Ak})a Vab — . ) 1 < a, b < Na
sinh(up — Ag)

where 7(up, {A\r}) is the eigenvalue of the transfer matrix ¢(up)
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Matrix elements of local operators

For example :

©f 1] C(uy) o I] Bw) 10) =
j=1 k=1

= (0l TT o) TL#&0) - (A~ D) (&) Ht*(gk)H B(x) [0)

Here the sets {A\;} and {u,} are both solutions of Bethe equations —

©f T] C¢ry) o 1] BOw) 10) = @, (0] ] C(uy) (A= D) (&) ][] B(Aw) 10)
j=1 k=1 j=1 k=1

Hence it leads to determinant representations of these matrix elements (using the
scalar product formula)
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Correlation functions : elementary blocks

(ol TT B [1b)

j=1 /

E, =96 6/5;.3,6
(1hglibg) e

Solution of the quantum inverse scattering problem -+ Yang-Baxter algebra of operators
T'(A) — Multiple integral formula for the correlation functions

Fr({ej, €;}) =

Fulles ) = (] [, a3 20 {6 6D St

where Q.. ({Ax}, {€;,€;}) is purely algebraic and Sy ({\}), C}' are depending on the
regime and the magnetic field A.

—— Proof of the results and conjectures of Jimbo, Miwa et al. and extension to the non
zero magnetic field h (a case where the quantum affine symmetry is broken)
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Physical correlation functions

Example :

(gl B ] (B + EP) EXL )

J=2

<¢g|0i O';L+1|¢g>

—— sum of 2™~ ! elementary blocks: (Pg|C(2) (A + D)m‘l(%) B(3)|vg)

Compact and symmetrized formula for the multiple action of A 4+ D operators
—— Two point correlation functions :

(0f0f ) =3 $as [ x| @l DI T s 2D S 2D
n=0 ¢, C o

—— Gives directly known free fermion results setting A = 0
—— Asymptotics of two point functions for general A?
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Emptiness formation probability

1 — oy
2

T(m) = (¢, H %)

for A =cos(,0< (< m:

1 [ Zu({2},{€D) ot ( i

T(m) = lim  — — ST A ) d™\
51,...§m—>—% m'_oo H Sinh(fa L Sb) CSlIl Z( J gk:)

a<b

sinh(Aj—ﬁk) sinh()\j—ﬁk—iC)

detom —1 sin
oM ginh Aa—&p) sinh(Ag—&p—iC ( >
Zm({A}, {€}) = [] ] 2nba—fp)sinhOa—,7i0)

i1 bt sinh(Ag—Ap—i() ﬁ sinh(€q—&p)
a>b

2 3m? 5
For ¢ = m/3: m(m) = (3)" 1% &5 — ¢ (%) m™3, m — o0
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ldea of the proof : Observe first that for { = 7/3,

2
m-—m .,

(—1) 2 H sinh 3(&, — &,)
gm?m L sinh (& — &q) sinh (£, — &)

Zm({A}, 18}) =

det,, —
1 ) © (sinh()\jﬁk+%r)>

sinh(A; — &) sinh(Aj — & — iC) /) (et,, ( 1

X det,, (
sinh 3()\j—§k)

Using sinh(3z) = 4 sinh(«x) sinh(z + i7w/3) sinh(x — i7/3).

2_m
C(3\T" (=) 2 [Losinh3(6 &) 7% 1.
T(m7 {SJ}) _ (E) 2m2m' ]L;[b Sinh(gb . €a) a’gl Slnh (ga Sb)
a#b
[ d"X\ det - det L
8 / v sinh(A\; — &, + %) o sinh(\; — &) sinh(A\; — &, — %

— OO
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2 L= sinh 3(gp, — &,
2—mH1n (b )

T(m,

Correlation functions

sinh(ep — €4)

(© @]

smh(ea — €p)

H
a;éb

dA
X det,, / . :
4m cosh(A — €;) sinh(\ — e — &

— 0

) sinh(X — ; + &)

oy sinh(ey — €a) smh(sa

m2_m
— 2 {7 sinh3(gp — g4)
T(ma {gj}) — 2m2 H H
a;éb

Take the homogeneous limit €, — 0 ({; = €x — i7/6) :

— gb) sinh

aj—l—k—Q

m—1
m-—m m~+m _ .2 _9
m)=(-1) 2 3 2 2 || nl) “det,, :

Can be computed using Kuperberg determinant identity
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For arbitrary ( :

. log 7(m) T 1 dw sinh (m — ¢) cosh” %C
im =

. [ ’
m—oo M2 ¢ 2 w sinh % sinh %C cosh w(
R—i0

where coshn = cos( = A, 0 < { < .

1 1
lim og 7(m) = ——log 2, A =0,
m—oo 2 2

1 3 1
lim 0g 7(m) = —log3 — 3log 2, A= —,
m— 00 m2 9 2

For the X X X chain (A =1, { = 0):

lim 087 (P(%)F@) ~ 1og(0.5991),

e m )
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|dea of the proof :

2

= (i) ()7 [ ronm

™ sinh Z(Aq — Ay ™ (sinh(Aq — %) sinh(A\, + %)\
XH g( ) H(sm( >) sinh(A, + %) |

a>b sinh(A, — Ay — 9C) sinh(As — Ap +9C) 75, cosh ZA,
with
1 _ .
F({\},m) = lim  — det,, < _ z.smC . )
51,...£m—>—% H Slnh(ga . Sb) Slnh()\j — gk) Slﬂh(}\j — gk‘ — ’LC)

a>b

Integration domain D = —co < A1 < Ay < -+ - < A\, < 00. Then at the saddle point
distribution of A’s can be described by a density function p(\'):

1
p()x}) = lim / /
mm—eo m(>‘j+1 — >‘j)
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Thus for large m, one can replace sums over the set {\'} by integrals. Now estimate the
behavior of F'({\'}, m) for large m using :

ot —1sin ¢
m sinh(X; — &) sinh(X; — & — ()

K (X — L) i
2mimp( N\, )> Stm (ZCSinh%(A;—gk)>’

— (—27T’i)mdetm(5jk —

with Lieb kernel

—1 sin 2¢
K(X) = — —— :
sinh(A — 2¢) sinh(A 4 ()
Hence :
2
2 2
T(m) N (%) em Sp+o(m )7 m — oo,

— Typeset by FoilTEX — Florence 2003 15



J. M. Maillet Correlation functions

with

G _ /oo rp(2) log (sinh()\ — i¢/2) sinh(A + ZC/2)>

cosh? %)\

. sinh? %(A — 1)
_|_5 /OO dpdAip(X)p(p) log (sinh(A — pu — 2¢) sinh(\ — p + ZC))

and the integral equation for the density p(\)

2% tanh W—’\ — coth(\ — i¢/2) — coth(\ + i(/2)

= V.P. / (—coth (A — ) — coth(A — pu — i¢) — coth(A — u + zC)) p(p) du

Solution :
cosh gé\
p(N) = :
V2 cosh 7%‘
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Conclusions and Perspectives
New method to obtain correlation functions of quantum integrable models

e Generic tools for a large class of models

e Explicit results for the Heisenberg spin chains
Open new perspectives

e Asymptotic behavior of correlation functions (under study)

e Dynamical correlation functions and depending on temperature (under study)

e Applications to many different models (models with impurities, with boundaries, field

theories,...)
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