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Dimermodels

e.g.dimercoveringofthekagomelattice

•classicaldimers

[Kasteleyn
63

]:enumerationofdimerconfigurationsonaplanarlattice→
Pfaffian→fermionpartitionfunctions

[M.Fisher
66

]:solutionofthe2dIsingmodelviadimerrepresentation
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•quantumdimermodels:Hilbertspace↔dimerconfigurations

-dynamics:dimermovesaroundclosedloops(resonances)

relevance:-RVBphysics[Anderson
87

],[Rokhsar,Kivelson
88

]

-frustratedquantumHeisenbergantiferromagnets(dimer∼spin

singlet)[RK
88

],[Elser,Zeng
93

]

-quantumcomputation[Nayak,Shtengel
01

],[Ioffeetal.
02

]

expectedphysics:variousphasesincludingdimerliquids

[Moessner,Sondhi
01

],topologicalexcitations,fractionalisationofquantum

numbers,(spinon)deconfinement
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Kagomelattice:mediallatticeconstruction

latticeKmadebycornersharingtriangles=mediallatticeofatrivalent

latticeH

ClassicalHeisenbergantiferromagnetonagarnetlattice:AMonteCarlosimulation
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WehavestudiedaclassicalantiferromagnetonagarnetlatticebymeansofMonteCarlosimulationsinan
attempttoexaminetheroleofgeometricalfrustrationingadoliniumgalliumgarnetGd3Ga5O12~GGG!.
Low-temperaturespecificheat,magnetization,susceptibility,theautocorrelationfunctionA(t),andtheneu-
tronscatteringfunctionS(Q)havebeencalculatedforseveralmodelsincludingdifferenttypesofmagnetic
interactionsandwiththepresenceofanexternalmagneticfieldappliedalongtheprincipalsymmetryaxes.A
model,whichincludesonlynearest-neighborexchangeJ1,neitherordersdowntothelowesttemperaturenor
doesitshowanytendencytowardsformingashort-rangecoplanarspinstructure.Thismodel,however,does
demonstrateamagneticfieldinducedorderingbelowT;0.01J1.Inordertoreproducetheexperimentally
observedpropertiesofGGG,thesimulatedmodelmustincludenearest-neighborexchangeinteractionsand
alsodipolarforces.Thepresenceofweaknext-to-nearestexchangeinteractionsisfoundtobeinsignificant.In
zerofieldS(Q)exhibitsdiffusemagneticscatteringaroundpositionsinreciprocalspacewhereantiferromag-
neticBraggpeaksappearinanappliedmagneticfield.

DOI:10.1103/PhysRevB.63.024409PACSnumber~s!:75.40.Mg,75.50.Ee

I.INTRODUCTION

Theintroductionoffrustrationtomagneticsystemsleads
toextradegeneracyforthegroundstateinadditiontothe
degeneracyresultingfromthesymmetryofmagneticHamil-
tonian.Thelargerthisadditionaldegeneracy,themorelikely
frustrationistocausedramaticchangesinthemagnetic
propertiesofthesystem,suchastheabsenceoflongrange
orderevenatthelowesttemperature.Geometricalfrustration
hasbeenoneofthekeyissuesinmagnetismforatleast
twentyyears.Arecentwaveoftheoreticalpapers

1,2
aswell

aspublicationsdealingwithMonteCarlosimulation
3–6

has
emphasizedtheunusualmagneticpropertiesofgeometrically
frustratedsystems.Thequestionofwhetherthefrustration
leadstoadisorderedgappedstateortolong-rangeNeéltype
orderindifferenttypesofgeometryisstillunderdebate.
Currenteffortsseemtobeconcentratedaroundtwotypesof
lattices:thekagomélattice

2,5,7
andthepyrochlorelattice.

1,3

Recentlyhasitbeenestablishedthatthepyrochlorelattice
representstheonlysimplesystemforwhichtheadditional
degreeoffreedomcausedbythefrustrationisextensive—it
isproportionaltothenumberofspinsinvolved.

8

Thegrowthoftheoreticalinterestinthepyrochlorelat-
tice,alatticeofcorner-sharingtetrahedra,isdrivenlargely
byexperimentaldiscoveries.

9
Therearemanychemically

cleanpyrochlores~someofwhichmaybeproducedassingle
crystals

10
!withdifferenttypesofmagneticatomsandinter-

actions,whichallowsonetopickthemostsuitableonefor
studyandforcomparisonwithaparticulartheoreticalmodel.
Bystudyingthephenomenoningeneralamuchbetterun-
derstandingofthemagneticpropertiesofindividualcom-
poundscanbeachieved.Thesamereasoningappliestoan-
othergeometricallyfrustratedsystem—anantiferromagnet
onakagomélattice,whereSrCr9pGa1229pO19,

11
jarosites,

12

andsomeothercompounds
13

providequiteavarietyof
modelsystems.

Gadoliniumgalliumgarnet,Gd3Ga5O12,isauniqueex-

ampleofanantiferromagnetonthegarnetlattice.Thereare
noothercompoundsmatchingitsmagneticproperties.In
GGG~spacegroupIa3̄d)themagneticGdionsarelocated
ontwointerpenetrating,corner-sharingtriangularsublattices,
wherethetrianglesofspinsdonotlieinthesameplane—the
anglebetweentwonearesttrianglesisequaltotheangle
betweenthediagonalsofacube,70.5°~seeFig.1!.Inthis
compoundthetriangulararrangementofthenearestspinsis
combinedwithcompleteexchangeisotropy~thesingle-ion
anisotropyisnegligiblysmall

14
!andwitharelativelystrong

dipole-dipoleenergy.Althoughthemagneticpropertiesof
variousgarnetshavebeenthoroughlystudiedduringthepast
halfcentury,theanalogybetweenanyofthemandGGGis
notstraightforward.Allothermagneticgarnetsorderatsome
lowtemperature,whileGGGdoesnot.Nolongrangemag-
neticorderhasbeendetectedinGGGdownto25mK,

15

FIG.1.PositionsofthemagneticGdionsinagarnetstructure.
Thereare24magneticionsperunitcell,theyaredividedintotwo
interpenetratingsublattices.
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kagomesquagomeGGG(gyroid)

thedimerdegreesoffreedomcanbemappedinto

-Ising-likegaugedegreesoffreedomlivingonthelinksofHorinto

-IsingspinslivingontheplaquettesofH.
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•Arrowrepresentation:

Z2gaugedegreesoffreedom

constraint:nin=0mod2

•Isingspins:-takeareferenceconfigurationofarrowsandassigntoit

σ
z
h=1foralltheplaquettesh

-anyotherconfigurationdiffersfromthereferencestateon

acollectionofnon-intersectingclosedloops⇒domainwallsforσ
z
h

Notes:-thedefinitionofσ
z
hisnon-local(needforareferencespinσ

z
0=1);

-onclosedsurfaces
∏

hσ
x
h=1;

-topologicallynontrivialloops→differenttopologicalsectors.
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Solvabledimermodel

Thesymplestdynamicspreservingthegaugeconstraint:reversethearrows

aroundaplaquetteh:

H=−
∑

h

σ
x
h

•Groundstate:σ
x
h=1

-RKstate[Rokhsar,Kivelson
88

]:sumoverallthedimercoveringswithequal

amplitudes;topologicallydegenerated

-dimerliquid:thecorrelationofdimersorofholes(”spinons”)arestrictly

zerobeyondfewlatticespacings

•Excitations:pairsofIsingvortices(”visons”)

σ
x
a=σ

x
b=−1:configurationsarecounted

withtheparityofthenumberofdimers

crossingthestringΩΩ

ab
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Addingapotentialterm:

H=−Γ
∑

h

σ
x
h−J

∑

<a,b>

σ
z
aσ

z
b

2DIsingmodelintransversefield∼3DIsingmodel

(dualtoIsinggaugetheory).

J=0⇒<σ
z

>=0:disorderedordeconfinedphase(dimerliquid)

Γ=0⇒<σ
z

>6=0:ferromagneticorconfinedphase(dimers

”solidify”tothereferencestate)
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Spin1/2Heisenbergmodelonthekagomelattice

•Numericalresults[Waldtmanetal
98

]:

-nomagneticlong-rangeorder

-possiblyasmallspingap

-hugenumberoflow-energysingletstates∼1.15
N

•Dimerapproximation[Rokhsar,Kivelson
88

],[Elser,Zeng
93

]

dimer=singlet=(|↑↓〉−|↓↑〉)/
√

2

-projectionoftheHeisenbergHamiltonianonthedimerspace⇒dimer

movesaroundclosedloopswithsigns
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Dimermodelwithentropy

-retainonlythedimermovesaroundoneplaquettewiththeirsigns

H=−
∑

hµh

µh=(−1)
nout/2

σ
x

h

’

3

2

5

2
3

4 6

1

54

’

’’

’

’ 1

6

-themovesonadjacentplaquettesdonotcommuteanymore⇒frustration

{µh,µh
′}=0,ifh,h

′
neighbors

[µh,µh
′]=0,otherwise

µ
2

h=1.
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Symmetry

Anothersetofoperators,µ̃,obeyingthesamealgebraasµandcommuting

withtheHamiltonian:

[µ̃h,µh
′]=0,foranyh,h

′
.

•thecenterofthealgebraµ̃:∼Nplaquettes/2=N/6elements

⇒degeneracyofthewholespectrum∼2
N/6

'1.12
N

•groundstates:nocorrelationsbetweendimersbeyondfewlattice

spacings→dimerliquid

•reducethedimensionoftherepresentationofµ⇒treatnumerically

muchlargersystems,uptoN=144
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Numericalresults

•criticalphase?:-thegapmayextrapolatetozero

-nocristallineorderinµ.

•insertionofstaticholes:beyondfewlatticespacings,theholesdonot

interact(deconfinement?)
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Conclusions

•latticesmadeofcornersharingtriangles→exactlysolvablemodelsof

quantumdimers

•Heisenbergantiferromagnetsontheselatticesallsharethesame

properties(lackofmagneticordering,proliferationoflow-energystates)⇒
dimermodelsaregoodstartingapproximation?

-exactsolutionoftheassociateddimermodels?

-understandtheoriginofthedegeneracyinthespinlanguage?
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