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1. What are we speaking about ?
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3. Inference and fidelities

disturbance |ψ〉 → |ψk〉
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4. Inf/dist tradeoff: extreme cases (finite dimension)

blind repeater = nothing is done

optimal state estimation

G =
2

1 + d
F =

2

1 + d

(Massar et al, 1995)
(Bruss et al, 1999)

F = 1 G = 1/d



5. Information/disturbance tradeoff
      (d-dimensional random signals)

G =
1

d(d + 1)

[

d +
∑

k

〈φk|Πk|φk〉

]

Πk|φk〉 −→ eigenvector of with max eigenvalue 

G =

∫
dψ GψF =

∫
dψ Fψ

F =
1

d(d + 1)

[

d +
∑

k

|Tr[Ak]|2
]



6. Ultimate bound on fidelities
(K. Banaszek, 2001)

G0 =
3

2

1

1 + d

Example: trade-off for qubit

(F − 2/3)2 + 4 (G − 1/2)2 ≤ 1/9

d
F0 =

1

2

2 + d

1 + d

(F − F0)
2 + d

2 (G − G0)
2 + 2(d − 2)(F − F0)(G − G0) ≤

d − 1

(d + 1)2
F0 F0
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7. A couple of questions

is it possible to saturate the bound for 
 finite dimensional systems ?

what about infinite dimensional 
(continuous variable) systems ?

(MG and M. Paris, PRA 2005)

(MG and M. Paris, PRA 2006)

unitary (feasible) realization

constraint of energy

N-user measurement scheme
(MG and M. Paris, JOP submitted)



8. Optimal (and minimal) scheme for qudit (1)

d-dimensional C-not gate

|ω〉p = cos θ|0〉p + γ sin θ
1√
d

d−1∑

s=0

|s〉p

one-parameter probe

standard basis
measurement

Cd |p〉|q〉 = |p〉|q ⊕ p〉
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d-dimensional C-not gate

|ω〉p = cos θ|0〉p + γ sin θ
1√
d

d−1∑

s=0

|s〉p

one-parameter probe

standard basis
measurement

Cd |p〉|q〉 = |p〉|q ⊕ p〉

single-measure 
inference rule

k → |k〉



(2)

G =
1

1 + d

[

1 +

(

cos θ +
γ
√

d
sin θ

)2
]

Ak = p〈k|Cd|ω〉p

θ
F and G saturate the QM bound

a single d-dim probe is needed

8. Optimal (and minimal) scheme for qudit 

(Ak)ij = δij

[

δkj cos θ +
γ
√

d
sin θ

]

F =
1

1 + d

[

1 +

(

cos θ + γ
√

d sin θ
)2

]



9. N-user measurement scheme (1) 

|ω〉p = cos θ|0〉p + γ sin θ
1√
d

d−1∑

s=0
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one-parameter probes for all users
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N-th step conditional state

9. N-user measurement scheme (2) - Disturbance

Fψ,N =

∑

k

PkTr
[

|ψ〉〈ψ|"N
k

]

=

∑

{ki}

|〈ψ|A{ki}|ψ〉|
2

A{ki} = AkAkN−1
. . . Ak1

overall measurement operator

FN =
1

d(d + 1)



d +
∑

{ki}

|Tr[A{ki}]|
2





!N
k =

1

Pk

Ak




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k1,k2,...kN−1

AkN−1
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. . . Ak1
|ψ〉〈ψ|
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)†


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k



N-th step conditional state

9. N-user measurement scheme (2) - Disturbance

Fψ,N =

∑

k

PkTr
[

|ψ〉〈ψ|"N
k

]

=

∑

{ki}

|〈ψ|A{ki}|ψ〉|
2

Qubit (d=2) Qutrit (d=3)

FN =
1

3

(

2 + (sin θ)2N
)

FN =
1

2

(

1 + (sin θ)2N
)

!N
k =

1

Pk

Ak





∑

k1,k2,...kN−1

AkN−1
AkN−2

. . . Ak1
|ψ〉〈ψ|

(

AkN−1
AkN−2

. . . Ak1

)†



 A†
k



statistics 

9. N-user measurement scheme (3) - Information

= Tr

[

|ψ〉〈ψ|A†
k
Ak

]

inference

k → |k〉 eigenstate of Sz

Pk = Tr



Ak


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k





Πk = A
†
k
AkPOVM

Single-measure inference rule
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9. N-user measurement scheme (3) - Information

= Tr
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k
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]
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9. N-user measurement scheme (4) - Trade-off
Qubit Qutrit

N=1

N=2

N=5

N=10

Trade-off gets worse for increasing N

Empty region between optimality and N=2

Is this region achievable for the Nth user?

0.5 0.525 0.55 0.575 0.6 0.625 0.65
G

0.7

0.75

0.8

0.85

0.9

0.95

1

F

optimal

0.35 0.375 0.4 0.425 0.45 0.475 0.5
G0.5

0.6

0.7

0.8

0.9

1

F



10. 2-user measurement scheme for qubit (1)

B

!!"

 dC C dC

zS S z

!""

p
p

A

!!"

Probes Preparation

Two parameters : θA and θB

|ω〉Ap = cos θA|0〉Ap +
γ sin θA√

2
(|0〉Ap + |1〉Ap)

|ω〉Bp = cos θB |0〉Bp +
γ sin θB√

2
(|0〉Bp + |1〉Bp)



10. 2-user measurement scheme for qubit (2)
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“Near-optimal” region achievable 

1

2
< G <
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3

Estimation fidelity Transmission fidelity

2

3
< F <
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6
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!
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11. Single user and N-step measurement scheme
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Same results as those obtained with 
the single-measure inference rule 
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13. Outro

Qudit: measurement schemes optimizing the 
information/disturbance tradeoff may be 
achieved using a single d-dim probe
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13. Outro

Qudit: measurement schemes optimizing the 
information/disturbance tradeoff may be 
achieved using a single d-dim probe

N-user measurement schemes:  trade-off gets 
worse increasing N

2-user measurement scheme: “near-optimal” 
region achievable   

MIUR-PRIN-2005024254-002
MIUR-FIRB-RBAU014CLC-002



12. Problems, outlooks and applications

Set of symmetric states 

(reducible and irreducible)

|ψg〉 = Ug|ψe〉

Parametrization of sectors of the Hilbert space

Application in eavesdropping strategies


