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Hamiltonian treatment of the
electromagnetic field

(Appunti per il corso di Fisica Teorica 2 – 2017/18)

Fiorenzo Bastianelli

We apply the theory of constrained hamiltonian systems to the free electromagnectic field,
using the Lorentz-Heaviside units with c = 1 (ε0 = µ0 = 1).

The dynamical variables are the components of the gauge potential Aµ(~x, t), where Aµ =

(A0, ~A) = (−Φ, ~A), with Φ and ~A the usual scalar and vector potential. The electromagnetic
field is given by

Fµν = ∂µAν − ∂νAµ =


0 −E1 −E2 −E3

E1 0 B3 −B2

E2 −B3 0 B1

E3 B2 −B1 0

 (1)

or equivalently

Ei = Fi0 = ∂iA0 − ∂0Ai = −∂iΦ− Ȧi

Bi =
1

2
εijkFjk = εijk∂jAk . (2)

The lagrangian (density), to be thought as function of Aµ and its derivatives, is given by

L = −1

4
FµνF

µν =
1

2
( ~E2 − ~B2) . (3)

It is singular. Indeed there is a gauge symmetry

δAµ(x) = ∂µΛ(x) (4)

where Λ(x) is an arbitrary infinitesimal spacetime function. Thus we expect first class con-
straints.

Let us start defining the momenta πµ(~x, t), conjugated to the coordinates Aµ(~x, t) at fixed
time t. They are given by

πµ =
∂L
∂Ȧµ

(5)

which we compute as

πµ =
∂L
∂Ȧµ

=
∂L

∂(∂0Aµ)
= F µ0 =

{
0 (µ = 0)

−Ei (µ = i)
(6)

Thus at fixed time t (which we do not indicate any further), we find a primary constraint

π0(~x) ≈ 0 (7)
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and the relations
πi(~x) = Ȧi(~x) + ∂iΦ(~x) = −Ei(~x) . (8)

(Note that actually there are many constraints, one for each ~x ∈ R3). The second relation is
invertible to express the “velocities” Ȧi(~x) in terms of the momenta πi(~x) (which are just minus
the electric field). The momenta are to be considered as indipendent variables, and the full
phase space has coordinates Aµ(~x), πµ(~x) with fundamental Poisson brackets

{Aµ(~x), πν(~y)} = δνµδ
3(~x− ~y) . (9)

The canonical hamiltonian density reads

H0 =
1

2
~π2 +

1

2
(~∇× ~A)2 + ~π · ~∇A0 (10)

while the extended one

HE = H0 + λ0π
0 (11)

where λ0 is a Lagrange multiplier. Let us search for other possible constraints by requiring

π̇0 ≈ 0 . (12)

This leads to a new constraint (secondary constraint)

~∇ · ~π ≈ 0 (13)

which we recognize as the Gauss law in vacuum, ~∇ · ~E ≈ 0.
The procedure is then iterated with the new extended hamiltonian density

HE = H0 + λ0π
0 + λ1~∇ · ~π (14)

to verify that there are no new constraints.

Dirac brackets

Let us now treat the system with the “reduced phase space” method, using gauge fixing con-
ditions and finding the Dirac brackets. To fix the gauge symmetries generated by the various
constraints we use the following gauge fixing constraints

π0 ≈ 0 → A0 ≈ 0

~∇ · ~π ≈ 0 → ~∇ · ~A ≈ 0 (15)

which correspond to the so-called Coulomb gauge.
Now one can find the Dirac brackets. It is evident that (A0, π

0) are eliminated from phase
space, while the Dirac brackets between the remaining (constrained) coordinates are given by

{Ai(~x), πj(~y)} =

(
δij −

∂i∂j
∇2

)
δ3(~x− ~y) . (16)

which indeed is consistent with setting the constraint to vanish strongly (the notation 1
∇2

indicates the use of the Green function of ∇2, i.e. convolution with − 1
4π

1
|~x−~y|).
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To summarize, the reduced phase space is parametrized by the coordinates Ai(~x), Ei(~x),

constrained by ~∇ · ~A = ~∇ · ~E = 0, with Dirac brackets

{Ai(~x), Ej(~y)} = −
(
δij −

∂i∂j
∇2

)
δ3(~x− ~y) (17)

and canonical hamiltonian

H =

∫
d3x H =

∫
d3x

1

2

(
~E2 + ~∇× ~A)2

)
=

∫
d3x

1

2

(
~E2 + ~B2

)
. (18)

More explicitly, the Dirac brackets are given by

{Ai(~x), Ej(~y)} = −δijδ3(~x− ~y)− ∂2

∂xi∂xj
1

4π

1

|~x− ~y|
. (19)

The two degrees of freedom (per space point), associated to the two independent functions

Ai that satisfy ~∇ · ~A = 0, correspond to the two possible indipendent polarizations of the
electromagnetic waves.

As an exercize, one may study Hamilton’s equations of motion to recover the wave equation.
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