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1 Heat kernel

A second example to illustrate perturbation theory is the calculation of the heat kernel using
path integrals. The heat kernel is the fundamental solution of the heat equation

− ∂

∂β
ψ = Ĥψ (1)

where Ĥ is a second order elliptic differential operator. The heat equation can be obtained by
Wick rotating the Schrödinger equation

i
∂

∂t
ψ = Ĥψ (2)

with t → −iβ, as discussed previously. We consider the particular case of a hamiltonian of a
particle of unit mass in RD and interacting with an arbitrary smooth scalar potential V (x)

Ĥ = −1

2
∇2 + V (x) (3)

where ∇2 is the laplacian in cartesian coordinates xi on RD.
The heat kernel can be represented in operatorial form by

ψ(x, y; β) = 〈x|e−βĤ |y〉 . (4)

which is seen to satisfy eq. (1) plus the boundary condition

ψ(x, y; 0) = δD(x− y) . (5)

This solution is called the fundamental solution because of the particular boundary condition
chosen.

It is well-known that this solution is given in the free case (i.e. for V = 0) by

ψ(x, y; β) =
1

(2πβ)
D
2

e−
(x−y)2

2β (6)

which we already computed by a path integral (the free particle).
Let us now recall that the path integral which computes the heat kernel in (4) (i.e. the

transition amplitude in euclidean time) can be written as

ψ(x, y; β) =

∫ x(β)=x

x(0)=y

Dx e−S[x] (7)
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where the symbol
∫ x(β)=x
x(0)=y

Dx indicates the sum over all functions xi(t) which satisfy the bound-

ary conditions xi(0) = yi and xi(β) = xi. The euclidean action S[x] is given by

S[x] =

∫ β

0

dt
(1

2
δijẋ

iẋj + V (x)
)
. (8)

No confusion should arise by denoting the paths with xi(t) and their boundary values at t = β
with xi(β) = xi. The path integral cannot be computed exactly for an arbitrary potential V ,
but one can compute it perturbatively for small propagation times β, assuming the potential
and its derivatives to be vanishing sufficiently fast at infinity.

To start with, let us rescale the euclidean time variable t = βτ , so that τ ∈ [0, 1]. The
action (8) can be re-written as follows

S[x] =
1

β

∫ 1

0

dτ
(1

2
δijẋ

iẋj + β2V (x)
)

(9)

where of course dots (as in ẋi) now represent derivatives with respect to τ . This rescaling is
useful since we are going to compute the path integral in a perturbative expansion valid for small
β. We already see from the rescaled action that, for small β, the kinetic term dominates the
potential term, so that the free particle approximation is a good leading order approximation.

One can decompose all paths as

xi(τ) = xibg(τ) + qi(τ) (10)

where xibg(τ) is a fixed path (called the background path, or classical path) which we take to
satisfy the boundary conditions and the classical equations of motion for V = 0. Thus

xibg(τ) = yi + (xi − yi)τ (11)

as this function satisfies the boundary conditions xibg(0) = yi, xibg(1) = xi, and the equations
of motion ẍibg(τ) = 0 arising for V = 0. Indeed for small β the potential can be neglected, as
seen from (9). The remaining arbitrary “quantum fluctuations” qi(τ) must then have vanishing
boundary conditions, qi(0) = qi(1) = 0.

The inclusion of an arbitrary potential V makes the problem difficult to solve in full gener-
ality. However it can be treated in perturbation theory. The emerging solution will be of the
form

ψ(x, y; β) =
1

(2πβ)
D
2

e−
(x−y)2

2β

(
a0(x, y) + a1(x, y)β + a2(x, y)β2 + . . .

)
(12)

where the so-called Seeley-DeWitt coefficients an depend on the points xi, yi, and on the po-
tential V . They can be computed perturbatively by inserting the anstaz (12) into equation (1),
finding recurrence relations for the coefficients, and computing them iteratively and perturba-
tively in

ξi = (xi − yi) (13)

the distance of xi from yi, whose length may be considered of order
√
β (because of the damping

factor e−
(x−y)2

2β = e−
ξ2

2β contained in (12)). Thus β controls the perturbative expansion. Of course
a0(x, y) = 1, as fixed by the solution of the free theory.

We now use the path integral to generate and compute this perturbative expansion.
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1.0.1 Perturbative expansion

The perturbative expansion is based on the gaussian averages of the path integral with the free
quadratic action S0 (the one with V = 0), namely

Z =

∫
Dq e−S0[q] =

1

(2πβ)
D
2

〈qi(τ)〉 =
1

Z

∫
Dq qi(τ) e−S0[q] = 0

〈qi(τ)qj(σ)〉 =
1

Z

∫
Dq qi(τ)qj(σ) e−S0[q] = −βδij∆(τ, σ) (14)

and so on, with n-point correlation functions given by the Wick theorem. Here ∆(τ, σ) is the
Green function of the operator ∂2

∂τ2
on the space of functions f(τ) with vanishing boundary

conditions at τ = 0 and τ = 1
∂2

∂τ 2
∆(τ, σ) = δ(τ − σ) . (15)

It reads (for τ and σ in [0, 1])

∆(τ, σ) = (τ − 1)σ θ(τ − σ) + (σ − 1)τ θ(σ − τ) (16)

where θ(x) is the standard step function (θ(x) = 1 for x > 0, θ(0) = 1/2 for x = 0, and θ(x) = 0
for x < 0). Indeed it satisfies the differential equation with the correct boundary conditions.
The two-point function 〈qi(τ)qj(σ)〉 is the propagator in the free theory.

Recalling that we indicate the normalized average of an arbitrary functional F [q] by

〈F [q]〉 =
1

Z

∫
Dq F [q] e−S0[q] (17)

we compute the perturbative expansion as follows. The action is written as

S[x] = S0[x] + Sint[x] (18)

where the free part is given by

S0[q] =
1

β

∫ 1

0

dτ
1

2
δijẋ

iẋj (19)

and the interaction part by

Sint[x] = β

∫ 1

0

dτ V (x) . (20)

The path integral can now be manipulated as follows∫ x(β)=x

x(0)=y

Dx e−S[x] =

∫ x(β)=x

x(0)=y

Dx e−(S0[x]+Sint[x])

= e−S0[xbg ]

∫ q(β)=0

q(0)=0

Dq
(
e−Sint[xbg+q]

)
e−S0[q]

= e−S0[xbg ] Z
〈
e−Sint[xbg+q])

〉
=

1

(2πβ)
D
2

e−
(x−y)2

2β

〈(
1− Sint[xbg + q] +

1

2
S2
int[xbg + q] + · · ·

)〉
.

(21)

3



The transition from the first to the second line is due to the translation invariance of the path
integral measure, Dx = D(xbg + q) = Dq, since xbg(τ) = yi + ξiτ is a fixed function. Then we
used the notation in (17) to indicate normalized averages with the free path integral. Finally,
the perturbative expansion is generated by expanding the interaction part, as shown in the last
line.

Let us compute systematically the various terms appearing in the last line of eq. (21). The
first one is trivial

〈1〉 = 1 (22)

since correlations functions are normalized. Next we have to consider 〈Sint[xbg + q]〉. We can
Taylor expand the potential around the initial point xi

Sint[xbg + q] = β

∫ 1

0

dτ V (xbg + q) = β

∫ 1

0

dτ V (y + ξτ + q) = (23)

= β

∫ 1

0

dτ
(
V (y) + [ξiτ + qi(τ)]∂iV (y)

+
1

2
[ξiτ + qi(τ)][ξjτ + qj(τ)] ∂i∂jV (y) + · · ·

)
from which one obtains

〈−Sint[xbg + q]〉 = −βV (y)− β

2
ξi∂iV (y)− β

6
ξiξj∂i∂jV (y)

− β

2
∂i∂jV (x)

∫ 1

0

dτ 〈qi(τ)qj(τ)〉+ · · · (24)

with the last term computed using the free propagator in (14) and (16)∫ 1

0

dτ 〈qi(τ)qj(τ)〉 =

∫ 1

0

dτ (−βδij∆(τ, τ))

= −βδij
∫ 1

0

dτ τ(τ − 1) =
β

6
δij (25)

so that

〈−Sint[xbg + q]〉 = −βV (y)− β

2
ξi∂iV (y)− β

6
ξiξj∂i∂jV (y)− β

12
∇2V (y) + · · · . (26)

Similarly, at lowest order in β one gets for the next term in (21)〈1

2
S2
int[xbg + q]

〉
=
β2

2
V 2(y) + · · · . (27)

Collecting all the terms, we find that at this order the heat kernel is given by

ψ(x, y; β) =
1

(2πβ)
D
2

e−
(x−y)2

2β

[
1− βV (y)− β

2
ξi∂iV (y)− β

6
ξiξj∂i∂jV (y)

− β2

12
∇2V (y) +

β2

2
V 2(y) + · · ·

]
(28)
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from which one reads off the expansion around the point x of the Seeley-DeWitt coefficients
a0, a1 and a2

a0(x, y) = 1

a1(x, y) = −V (y)− 1

2
ξi∂iV (y)− 1

6
ξiξi∂j∂jV (y) + · · ·

a2(x, y) =
1

2
V 2(y)− 1

12
∇2V (y) + · · · . (29)

In particular, their values at coinciding points yµ = xµ (i.e. for ξµ = 0) are given exactly by

a0(x, x) = 1

a1(x, x) = −V (x)

a2(x, x) =
1

2
V 2(x)− 1

12
∇2V (x) . (30)

This calculation exemplifies perturbation theory and the use of the path integrals to compute
heat kernels, which find extensive application in quantum field theories.
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