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Course Description

Objectives

The aim of the course consist in providing a general understanding of the methods of solutions
for the most important PDE that arise in Mathematical Physics.

At the end of the course, the students should be able to:

e use the method of characteristics to study first-order equations;

e classify a second order PDE (as elliptic, parabolic or hyperbolic);
e have a basic understanding of the concept of Well-Posed problem for PDE;
e use few standard methods (separation of variables, Green’s functions,...) to solve some

elementary exercises.

Outline of Course

1. Introduction & Basic Definitions;
2. First Order PDEs

e Linear & Semi-linear;

e Characteristics.
3. The Diffusion (aka Heat) Equation

e Physical Properties;
e Well-posedness & Boundary conditions (Dirichlet, Neumann and Mixed BC);

Separation of variables & Basics of Fourier Analysis;

Uniqueness & the Energy Method;

e The Fundamental solution.
4. The Wave Equation

e Physical Properties;

Well-posedness & Uniqueness;

d’Alembert’s formula;

e The General Solution (1 4 1 dimensions);

Causality;
Uniqueness & the Energy Method.



Homework Assignments & Form of Assessment

Homework is perhaps the most important component of this course: it provides you with regular
feedback on whether or not you are keeping up with the material, and it challenges you to creatively
apply what you have already learned. There will be an assignment almost every two weeks.
Homework assignments will typically be posted on the course website.

For your own benefit, I encourage you to solve all the proposed exercises because they will be the
main topic of the exam, together with a subject of your choice within the topics discussed during
the course.

Lecture Notes & Books

Everything that will be covered in this course is contained in these lecture notes (at least, I hope
so...). T have also included a number of non-examinable appendices.

In principle, no reading is required beyond these notes. However, in practice, you might some-
times find it helpful to consult additional resources for complementary viewpoints and additional
explanations. For this purpose, I recommend the following textbooks:

e S. Salsa - Partial Differential Equations in Action: From Modelling to Theory.
Springer, 2010;

e A. C. King, J. Billingham and S.R. Otto - Differential Equations: Linear, Nonlinear, Ordi-
nary, Partial. Cambridge University Press, 2003;

e P. J. Collins - Differential and Integral Equation - Oxford University Press, 2006.
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Chapter 1

Introduction

Notations

We will be studying functions u : R® — R, such that u = u(z!,...,2") = u(x), (that can be
easily generalized to the case of vector fields u : R” — R™) and their partial derivatives. Here
xl, ..., 2" are the standard Cartesian coordinates on R™. We will also use the alternate notation
u(x), u(z,y),u(z,y, 2), etc. and u(r,0,¢) for spherical coordinates on R3.

Sometimes, we will also consider a time coordinate ¢, in which case (¢,z',...,2") denotes the

standard Cartesian coordinates on R!*™,
We also use lots of different notation for partial derivatives:

ou

%Eﬁzkuzﬁkuzumk ke{l,...,n}

and so on also for derivatives of higher order.

1.1 What is a PDE?

Definition 1 (PDE). A Partial Differential Equation in a single unknown function v : R* — R
is an equation involving u and its partial derivatives. All such equations can be written as

F(U, Ugt, . .. Ugn, Ugighy ooy Ughy kn 0o, 2™) =0 ki,....ky €{1,...,n} (1.1)

for some function F.
Here N is called the order of the PDE; indeed N is the maximum number of derivatives appearing
in the equation.

Remark. The previous definition can also be restated in a more compact formalism, as follows.
For a given domain Q C R", a function v : Q — R and a real function F' € C!, the equation

F(D%u,...,Du,u,x) =0 (1.2)
with a = (ay, . .. a;,) multi-index such that:

olel
D~

Ort -+ Qaon’ o] "

is called PDE of order a. <«



Example 1. Consider the PDE:

—0%u+ (14 cosu) Pu=0 u=u(t,x)

this is a clear example of a third-order nonlinear PDE.

Example 2. Consider the PDE:

—OPu+ Pu+mu=0 u=u(t,z), meR{

this is a clear example of a second-order linear PDE.

The last kind of PDEs are usually called constant coefficient linear PDE because u and its
derivatives appear linearly, i.e. first power only, and are multiplied only by constants.

Remark. Few useful definitions:

1.

In application, z* are are often space variables and a solution may be required in some region

Q). In this case there will be some conditions to be satisfied on the boundary 0€2; these are
called Boundary Conditions (BCs);

. Also in applications, one of the independent variables can be time, then there will be some

Initial Conditions (ICs) to be satisfied;

. A linear equation is one in which the equation and any boundary or initial conditions do

not include any product of the dependent variables or their derivatives; an equation that is
not linear is a nonlinear equation;

. A nonlinear equation is semilinear if the coefficients of the highest derivative are functions

of the independent variables only.
Ezxample 3. Consider u = u(z,y),

Tu, + 2yPu, = u’ (Ez.a)
TUgy + (Y + 1)y, + v, =0 (Ex.b

~—

More generally, we can say that a semilinear PDE has the following form:

Z o (x)D%u + ag(DN ", ..., Du,u,x) =0 (1.3)

la|=N

. A nonlinear PDE of order N is quasilinear if it is linear in the derivatives of order N with

coefficients depending only on the space (and time) coordinates and derivatives of order
< N.

Ezample 4. Consider u = u(z,y),
[1+ (uy)*Jtar — 2uguy iy + [1+ (us)*Juy, =0
More generally, we can say that a quasilinear PDE has the following form:

Z ao(DN ", ... Duyu, x) D% 4 ag(DYN 1, . .., Du,u,x) = 0 (1.4)
la|=N



1.2 The Mathematical Problem

Suppose that we are interested in some physical system. A very fundamental question is:
“Which PDEs are good models for the system?”.
A major goal of modeling is to answer this question. Obviously, there is no general recipe
for answering this question. In practice, good models are often the end result of confrontations
between experimental data and theory.
The aim of this course is to discuss some important physical systems and the PDEs that are
commonly used to model them.
Now let’s assume that we have a PDE that we believe is a good model for our system of interest.
Then, the primary goals of PDE are to answer the following questions:

1. Does the PDE have any solutions? (aka Ezistence Problem)

2. What kind of data do we need to specify in order to solve the PDE?

3. Are the solutions corresponding to the given data unique? (aka Uniqueness Problem)

4. What are the basic qualitative properties of the solution?

5. Does the solution contain singularities? If so, what is their nature?

6. What happens if we slightly vary the data? Does the solution then also vary only slightly?
7. What kinds of quantitative estimates can be derived for the solutions?

Finally, the last three questions represent the main concern of the so called Well-posedness Prob-
lem.

1.3 PDEs and Physics

The first revolution of Ordinary Differential Equations with Leibniz and Newton, with the
differential calculus but most importantly the first differential equation describing a physical law:
the fundamental principle of dynamics of Newton. Combined with the universal law of gravita-
tion, it lead to the development of mathematical celestial mechanics, and later to ballistic and so
on... But first of all this was an immense conceptual revolution: express in terms of differential
equations physical laws in order to predict the evolution of a system.

This novel idea then spread everywhere in science, and enter a second higher stage with Euler,
Fourier and the birth of partial differential equations for modelling mathematically the evolution
of continuum systems. Then PDEs accompanied each new field which emerged in modern science
since then.

Here you can find a few examples:

The incompressible Navier-Stokes equations of Fluid Mechanics:

1
ou+ (u-Viiu+ -Vp=rvAu
! ( ) p p=v (1.5)

V-u=0

with u = u(¢,x) is the velocity field of the fluid, p is the density of the fluid, p is the pressure, v
is the viscosity and A LY.V is the Laplacian differential operator.
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The Maxwell Equations of Electromagnetism (in vacuum):
V-E=0 V-B=0
1
VXE+atB:0 VXB——QatEZO
c
with E = E(t,x) € R? and B = B(t,x) € R?.

The Boltzmann Equation of kinetic theory:
o vV = [ [ L) = F6F) Bl = vii o) do do,
R3 J g2

where f = f(t,x,v) > 0 is integrable with total unit mass, B is the collision kernel and

, V4V, v — v, , VA4V, v — v,
= o : vV, = -0
2 2 2 2

The Schrodinger Equation of Quantum Mechanics:

2
thop) = —h— Ay + Vb
2m

where ¢ = 9(t,x) € C and V = V (¢,x) is a potential.



1.4 Linear Partial Differential Equations

Before we dive into a specific model, let’s discuss a distinguished class of PDEs that are
relatively easy to study. The PDEs of interest are called linear PDEs. Most of this course will
concern linear PDEs.

Definition 2. A linear differential operator L is a differential operator such that:
L(au+ ) = alu+ bLv Va,b € R, Vu,v functions (1.6)

Remark. The notation was introduced out of convenience and laziness. The definition is closely
connected to the superposition principle.

Definition 3 (Linear PDEs). A Partial Differential Equation is linear if it can be written as:
Lu = f(x) (1.7)

for some linear operator £ and some function f: 2 C R® — R of the coordinates.
If f =0 then we say that the PDE is homogeneous, otherwise we say that it is inhomogeneous.

Here is an incredibly useful property of linear PDEs.

Theorem 1. (Superposition Principle).

M
Uy, ..., up such that Z c;ui(x) is also a solutions
Lu;=0, Vi=1,...,.M — =1 (1.8)

(Solutions of the homogeneous equation,) of the homogeneous equation

with c¢1,...,cpr € R
Proof. Left for exercise (Exercise 1). O

This shows that the set of all solutions to Lu = 0 is a vector space when L is linear. Moreover,
we can immediately deduce that the solutions of inhomogeneous and homogeneous linear PDEs
are closely related. Indeed,

Proposition 2. Let S be the set of all solutions to the homogeneous linear PDE, 1i.e.
S Y {u:QcR - R| Lu=0} (1.9)
and let u, be a “fived” solution to the inhomogeneous linear PDE:
Lu= f(x) (1.10)

Then the set S of all solutions to the inhomogeneous is the translation of Sy by u., i.e.:

def

S = {uh + U | up € Sh} (1‘11)
Proof. Assume that Lu, = f and let w # wu, be such that Lw = f, then L(u, —w) =f—f =0
so that u, —w € Sj. Thus, w = u, + (w — u,) and so w € S by definition.
On the other hand, if w € S, then w = wu, + u;, for some u;, € Sy,. Therefore, Lw = L(u, + up) =
f+0=f. Thus, w is a solution to the inhomogeneous equation (|1.10)). n



1.5 How to solve PDEs

Before we start with studying the most important PDEs, I would like to express the following
(fundamental) remarks concerning solution of these kind of problems. Firstly, there is no general
recipe that works for all PDEs! We will develop some tools that will enable us to analyse
some important classes of PDEs.

In the second instance, usually, we do not have explicit formulas for the solutions to the
PDEs we are interested in! Instead, we are forced to understand and estimate the solutions
without having explicit formulas.

The two things that you typically need to study a PDE are: the PDE (obviously) and some
“data”.

1.6 First Order PDEs

Method of Characteristics for Linear and Semilinear Equations
We consider linear first order PDE in two independent variables:
a(z,y)uz + b(z,y)uy + c(z,y)u = f(z,y) (1.12)

where a, b, c, f € C(Q) in some region € C R? and we assume that a,b # 0 for the same (z,y).

Remark. Indeed, we could consider semilinear first order equation such as

a(z,y)u, + b(z, y)u, = k(z, y, u)

instead of a linear equation as the theory of the former does not require any special treatment as
compared to that of the latter.

Now, the key to the solution of the equation ([1.12)) is to find a change of variables:

§=¢&(,y) n=n(z,y) (1.13)
which transforms (1.12)) into the simpler equation
we + (& nw = F(&,7) (1.14)

where w = w(€, 1) € u(x(€,n), y(&.n)).

We shall define this transformation so that it is one-to-one, at least V(x,y) € D C 2 Then, on
D we can, in theory, solve for x and y as functions of £ and 7.
To ensure that we can do this, we require that the Jacobian of the transformation does not vanish

in D:
J = det |* f?y = &ty — &y # {0, 00} V(z,y) €D
z Ty
We begin looking for a suitable transformation by computing derivatives via the chain rule:
ow 0§ Ow 877
"= Bgan T ogon e T )
ow 8§ ow 87] '

Uy = 85 8y + — on 8y = we&y + wyny

10



If we now substitute these into equation we get
0 (we & +wym,) + b (we, + wy )+ cw = f (1.16)
We can rearrange this as
(@& +0&) we + (an, +bny) wy + cw = f (1.17)
This is close to the form of equation ; if we can choose = n(z,y) such that
ane +bmny =0 (1.18)
Provided that 1, # 0 we can express this required property of n as

Nz _
Tly

b
Z 1.19
; (119
Supposing that we can define a new variable n which fulfils this constraint, what is the equation
describing the curves of constant 7?

Setting n = const. = k, then

d b
& = _ 2 (1.20)

dn =nydx +n,dy =0 — =
dx Ny a

So, the equation n(x,y) = k defines the solutions of the following Ordinary Differential Equation
(ODE):

dy _ bz,y)
der  a(z,y)

(1.21)

This equation is called the Characteristic Equation of the linear equation . Its solution
can be written in the form g(x,y,n) = 0 (where 7 is the constant of integration) and defines a
family of curves in the plane called characteristics or characteristic curves of .
Characteristics represent curves along which the independent variable n of the new coordinate
system (&, ) is constant.

Example 5. Consider the linear first order equation:
22 u, +yu, +ryu=1 (1.22)

In this case we have:

2

a(z,y) =z,  blry) =y, cay =vy, flr,y =1

then the characteristic equation is given by

dy _bay) _y (1.23)

dr  a(z,y) a2

by separation of variables we get:

1
1ny+;=k, Yy >0, Ve #0 kEeR (1.24)

11



This is an integral of the characteristic equation describing curves of constant n and so we choose

1
n(x,y) =Iny + . (1.25)
Now, if we choose, for example, £(x,y) = x we have the Jacobian:
1
J = ny = — % 0
Y
as required.
Since ¢ = x,
1 1 1
n(x,y):lnquE:lny%—g =— Yy =-exp n—g (1.26)
Now we apply the transformation
1
E=x, n=Imny+—
x
with w(&,n) = u(z,y) and we have
_ w
Uy = Wy + WMy = Wg — @ an:wg—f—;
. . (1.27)
Uy = We&y + wyh)y :0+wn§ = exp (E —17) wy,
Then the PDE becomes (prove it!)
—1 1
i exXp (77g /€) W — g (1.28)

Result that concludes our example.

Equivalent set of ODEs

The point of this transformation is that we can solve equation (|1.12)).
Considering

we + (& n)w=F(&n) (1.29)

as a Linear First Order ODE in &, with n carried along as a parameter.
Thus we use an integrating factor method, i.e. defining

13
Hzfmamw

we have
e we + h(&,n) e w=F(&n) e (1.30)
thus 5
o€ (e w) = F(&n)e” (1.31)

Now we integrate with respect to &, since n is being carried as a parameter, the constant of
integration may depend on 7:

=gl + [ P& de (1.3

12



in which g is an arbitrary differentiable function of one variable.
Now, the general solution of the transformed equation is

3
w(€,n) = e MED g(n) 4 e~ HED / F(&,n) e ag’ (1.33)
We then obtain the general solution of the original equation by substituting back &(z,v), n(z,y):

u(z,y) = eV [B(z,y) + g(n(z,y))] (1.34)

A certain class of first order PDEs (linear and semilinear PDEs) can then be reduced to a set of
ODEs. This makes use of the general philosophy that ODEs are easier to solve than PDEs.

1.6.1 Characteristic Curves

We investigate the significance of characteristics which, defined by the ODE

dy _ b(x,y)
dr  a(z,y)

(1.35)

represent a one parameter family of curves whose tangent at each point is in the direction of the
vector n = (a,b). Note that the left-hand side of equation

a(z, y)u, + b(z, y)u, = k(x,y,u) (1.36)
is the derivation of u in the direction of the vector n, i.e. % =n-Vu = au, + buy, = k(z,y,u).
Their parametric representation can be expressed as

v R — R?; v(s) = (2(s), y(s)) (1.37)
where z(s) and y(s) satisfy the pair of ODEs

dx dy

@ . Z _p 1.38
Then we have p p p

d—z = Uy d—f + uy, d—z = a(z,y)u, + b(z, y)u, = K(z,y, u) (1.39)

which shows the variation of u along the curves. The one parameter family of characteristic curves
is parametrised by 7, i.e. each value of 7 represents one unique characteristic.
The solution of equation (1.36]) then reduces to the solution of the family of ODEs

d
= = r(z,y.u) (1.40)

along each characteristics.
The parametric characteristic equations (1.38) have to be solved together with equation (|1.40)),
called the compatibility equation, to find a solution to semilinear equation ((1.36]).

13



The Cauchy Problem

Consider a curve I' in R? such that

(o) = (z0(0), yo(0)) (1.41)
The Cauchy problem consist in finding a solution of the equation

F(ug, uy,u,x,y) =0 (1.42)
in a neighbourhood of I'* (graph of I") such that

u = up(0) on I'* (1.43)

called Cauchy Data on I'.

Remark. .

1. u can only be found in the region between the characteristics drawn through the endpoint
of I';

2. Characteristics are curves on which the values of u combined with the equation are not
sufficient to determine the normal derivative of u;

3. A discontinuity in the initial data propagates onto the solution along the characteristics.
These are curves across which the derivatives of u can jump while u itself remains continuous.

Existence & Uniqueness

Why do some choices of I" in R? give a solution and other give no solution or an infinite number
of solutions?
It is due to the fact that the Cauchy data (initial conditions) may be prescribed on a curve I'
which is a characteristic of the PDE. To understand the definition of characteristics in the context
of existence and uniqueness of solution, return to the general solution:

u(z,y) = e*™Y [B(z,y) + g(n(z,y))] (1.44)

Consider the Cauchy data, ug, prescribed along the curve I' whose parametric form is given by

['(o) = (z0(0), Yo(o))
and suppose that

uo(zo(0),50(0)) = q(o)
Then, If ' is not a characteristic, the problem is well-posed and there is a unique function g
which satisfies the condition

q(0) = exp {a(20(7), 40(0))} [B(20(7), y0(0)) + g(n(0(0), yo(0)))] (1.45)

If, on the other hand, I'(c) = (zo(0), yo(0)) is the parametrisation of a characteristic (i.e. n = k),
the relation between the initial conditions ¢ and g becomes

q(0) = exp{a(zo(0), 40(0))} [B(20(0), yo(0)) + C] (1.46)

where G = g(k) = cost.; the problem is ill-posed.

The functions «(z,y) and B(z,y) are determined by the PDE, so the latter equation places a
constraint on the given data function g(x). Ifg(o) is not of this form for any constant G, then
there is no solution taking on these prescribed values on I'. On the other hand, if ¢(o) is of this
form for some G, then there are infinitely many such solutions, because we can choose for g any
differentiable function so that g(k) = G.

14



1.6.2 Quasilinear Equations

We consider first a special class of nonlinear equations where the nonlinearity is confined to
the unknown function uw. The derivatives of u appear in the equation linearly. Such equations are
called quasilinear. More generally, we can say that a Quasilinear PDE has the following form:

Z ao(DN Yy, ... Du,u, x) D%+ ag(DN ", ..., Du,u,x) =0 (1.47)
la|=N

Trying to be coherent with the previous sections, we are going to discuss in detail only the case of
quasilinear PDEs in two dimensions. Indeed, let us consider the most general quasilinear equation
of the first order:

a(z,y,u) u, +b(x,y,u)u, = c(x,y,u) (1.48)
where a,b,c € CY(D), D C R3, and a? + b? # 0.
One can readily verify that the method of characteristics developed in the previous sections also
applies to the quasilinear case as well.

Namely, each point on the initial curve I', defined as
Lo Bl— R, (o) = (z0(9), yo(0), uo(o)) (1.49)

is a starting point for a characteristic curve.
The characteristic equations are now

d_x dy du

_ W _ a_ 1.

supplemented by the initial condition
(s =0,0) =x0(0), y(0,0) = yo(o), u(0,0) = up(o) (1.51)

The problem consisting of ([1.48)) and the latter initial conditions is called the Cauchy Problem for
quasilinear equations.
The main difference between the characteristic equations for the linear/semilinear case, i.e.

dx dy du
d_s_a($7y>7 __b(x7y>7 d_S

ds
and the set is that in the former case the first two equations are independent from the third
equation and of the initial conditions. In the quasilinear case, this uncoupling of the characteristic
equations is no longer possible, since the coefficients a and b depend upon u. We can also point
out that in the semilinear case, the equation for u is always linear, and thus it is guaranteed to
have a global solution (provided that the solutions x(t) and y(t) exist globally).

= k(z,y,u)

Finally, let us show the method for a few simple cases.

15



Example 6. Solve the Cauchy Problem
Uy + Uy = 2
u(z,0) = 2
The characteristic equations and the parametric initial conditions are then given by
t=1, y=1, U =2
z(0,0) =0, y(0,0) =0, u(0,0) = o?

where we have made use of the convention § = dg/ds.
Now, it is simple to integrate the previous ODEs:

x(s,0) =s+ filo),  yls,0)=s+fal0),  uls,0) =2s+ f3(0)
Upon substituting into the initial conditions, we find

r=s+o0, Yy=Ss, u=2s+ o>

We have thus obtained a parametric representation of the so called integral surface.

(1.52)

(1.53)

(1.54)

(1.55)

To find an explicit representation of the surface u as a function of x and y we need to invert the
relations © = z(s,0) and y = y(s, o) simultaneously (i.e. the Jacobian J must be non-vanishing

in the region in which we want to extend our solution).
In the current example the inversion is straightforward:

s=1y, c=x—y
Thus the explicit representation of the integral surface (the solution) is given by
u(w,y) =2y + (v — y)*
result which concludes our discussion. <
Example 7. Solve the Cauchy Problem
{ Uy + Uy +u=1
ulg =sinz, Q={(z,y) eR’®| x>0, y=21x+2°}

The characteristic equations and the associated initial conditions are given by

T=1, y=1, t=1—u

z(0,0) =0, y(0,0) =0 + 07, u(0,0) = sino

respectively.
Now, if we compute the Jacobian

Ts To

J =det =20#0

Ys Yo

(1.56)

(1.57)

(1.58)

(1.59)

(1.60)

Thus we anticipate a unique solution at each point where o # 0. Since we are limited to the

regime x > 0, i.e. 0 > 0, we indeed expect a unique solution.
The parametric integral surface is then given by

z(s,0) =0 +s

y(s,0) =o+0>+s

u(s,0) =1— (1 —sino)e®

16
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In order to invert the mapping, we substitute the equation for z into the equation for y to obtain
oc=\y—=
in particular, the sign of the square root was selected according to the condition z > 0.

Now it is easy to find
S=r—\y—2a

whence the explicit representation of the solution is given by

u(z,y) =1— (1 —sinyy —z)exp (Vy —z — ) (1.62)

Notice that the solution exists only in the domain
D=0nN{y—z>0}

and, moreover, it is not differentiable at the origin of R?. <

1.6.3 Conservation Laws

Let u = u(z,t) a function representing a certain physical quantity for which we can define the
flow ®s through the surface S C D, with D a suitable spatial domain.
Considering the one-dimensional case, we can choose D = [x7, 23] C R and the surface is given by
the boundary of the interval. A Conservation Law for a function of such kind can be defined
in the following integral form
d [**

pr w(&, t)dé = f(u(zy,t),z1,t) — f(u(ze,t), 29, t) = —Ar f(u, x,t) (1.63)

where the RHS (right-hand side) represents the flux of the quantity u through the boundary of
the domain.

If we consider the classical example of the Traffic Flow, given a street starting at point x; and
ending at point xy, the LHS (left-hand side) would represent the time variation of the the total
number of cars between points x; and x».

Assuming v € C'(D; t > 0) we see that

/ P (1) dE = —Au Fluy 1) (1.64)
and, therefore,
1 2 o fulxe, t), @2, t) — flulw, ), 21, t)
e o (1.6

then, the limit as #; — 5 and assuming f € C*, we get

ug(x,t) + [f(u, z,t)], =0 (1.66)

which represents the differential form for a Conservation Law.
Now, if we express explicitly the spatial differentiation (chain rule) we can easily get
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If we then assume that f(u,x,t) = f(u), thus we reach the well known one-dimensional non-
linear wave equation

up + c(u) uy =0 (1.68)
with c(u) = f'(u).
Consider then the Cauchy Problem
ur + c(u) ug = 0 Q={(z,t) [zeR, t >0} (1.69)
u(z,0) = ¢(x) ¢ € C'(R) '

The characteristic equations and the associated initial conditions are given by

t=1, i =c(u), =0

2(0,0) =0, t0,0)=0,  u(0,0)=¢(c) (1.70)

respectively.
Then, integrating the former ODZEs, taking into account the initial conditions, one can find

t(o,s) =
x(o,8) =sc(u)+o (1.71)
u(o,s) = ¢(o)

Now, defining F'(0) = c(u(o, s)) = c(¢(0)) we get

t(o,s) =s

1.72
z(o,8) =sF(o)+o (172)
Now, if we compute the Jacobian
dF
J=det | Y| =— [s (0) + 1} = —[tF' (o) + 1] (1.73)
ts 1o do

Thus J # 0 in a neighbourhood of s = 0 so we can actually find a unique regular solution for the
Cauchy Problem in a neighbourhood of the initial curve (I'* = {(z,t) : z € R, t = 0}).

On the other hand, there may exists some values for s (and thus also for t) such that J = 0, which
means that the solution becomes singular. These values, if they exist, are the root of the equation

J=—[tF'(c)+1]=0 (1.74)
so they satisfy the following relation
1
t=——— R 1.
Flo)’ o€ (1.75)

Thus, we can state that, in general, the regular solution for the Cauchy Problem ([1.69) is
defined for 0 <t < t. < oo, where t., if it exists, is such that:

1

te ' = —————
max |F' (o)

(F'(o) < 0) (1.76)

The latter is then called Critical Time.
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From the characteristic equations we can also deduce that

t(o,s) =s
z(o,8) =tc(u) + o (1.77)
u(o, s) = ¢(0)

We can also recover an implicit expression for the integral surface, indeed
u(z,t) = glr — c(u)t], reR, tel0,t.] (1.78)

Now, if we calculate the derivatives with respect to = and t we get the following expressions (Prove
it!):

TR ) GO B
Ut—¢(0)0t——m¢(0) (179
Uy = §(0) 0p = —2D__ |
¢ Y1+ tF (o)

Remark. 1t is worthy to notice that if we multiply both sides of the former Cauchy Problem by
the term ¢ (u) (supposing ¢’(u) # 0) we get a new problem, namely

v +vv, =0 Q={(z,t) |z €R, t>0
v(z,0) = g(x)
with v(z,t) = c(u(x,t)) and g(x) = c(f(x)).
The letter differential equation is known as the inviscid Burgers’ Equation. <
Example 8. Find the regular solution for the Cauchy Problem
Uy +uu, =0
t . (1.81)
u(z,0) = Asinz, rel0,2n],t>0, A>0
The initial curve is then given by
(o) : zo(o) =0, to(c) =0, wug(o)= Asinc (1.82)
The characteristic equations and the parametric initial conditions are then given by
t=1, T=u, 1W=0
_ (1.83)
z(0,0) =0, t(0,0) =0, u(0,0) = Asino
from which we get
t(o,s) =s
x(o,s) =0+ Assino (1.84)
u(o,s) = Asino
Thus,
r =0+ (Asino)t (1.85)
and then
u(z,t) = Asin(z — ut) (1.86)
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In order to calculate the critical time we should notice that

Acoso A?sino coso
= = 1.87
b 1+ tAcoso b 1+ tAcoso ( )
and then . .
te=——"7"7""— (coso <0) = t.=— (1.88)

max |A coso|

indeed the cosine gets its maximum negative value, in z € [0,27], in x = 7. <
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1.7 Appendix: General Method of Characteristics

We finish by describing the general method for solving a first-order equation in n variables.
Consider the first-order, nonlinear equation,

F(x,u,Vu) =0, xER", V=Y e, (1.89)

i=1
In the case of two spatial variables, we prescribed initial data on a curve I' in R?. Now we
must prescribe data on an (n — 1)-dimensional manifold I" in R™.

Remark. An m-dimensional manifold is a surface which can be represented locally as the graph
of a function.

Our Cauchy problem is

F(x,u,Vu) =0 e R"”
{ (x,u, Vu) X (1.90)

ulp = ¢

First, we parametrize I" by the vector ¢ = (01,...,0,.1) €U C R" !t sothat I'(c) = (4 (0),. ..,z
By letting z(s) = u(x(s)) and p;(s) = u,,(x(s)), we rewrite our equation as

F(x,z,p) =0 (1.91)

We then define the 2n + 1 characteristic equations by

%:pr %:;piFma %:_in_pin (1‘92)
fori=1,...,n.
Our initial conditions are given by

2i(0,0) = 24(0),  2(0,0) = ¢(0), pi(0.0) = ¥i(0) (1.93)
where the functions ¢;(c), i = 1,...,n are determined by solving the following equations.

First, we need,
F[I01(0)7 c ’x0n<0_)’ ¢(U),1/11(0), tot 7¢n(0)] =0

Second, we need
n

(0-7 0> 1 8l’k 8(7@'

k=

do;

fori=1,...,n—1.
But, u(o,0) = ¢(0), 2;(c,0) = z/(0) and u,, = p;. Therefore, this equation becomes

09 Oz
80’@ B ;1/)k 8O'Z'

Therefore, our system of n equations for the n unknown functions v;(c) are given by

& ozl
¢0¢ - (0 . )
Flzg (o), ..., x0"(0), d(0),%1(0), ..., ¢.(0)] =0
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Again, functions ¢; may not exist or may not be unique, but if they do exist, we can find a unique
solution of satisfying the initial conditions for that choice of ;.

In order to guarantee that we can invert the function x = x(o, s) near the manifold T' we will
assume our initial data is noncharacteristic. That is, defining V(o) = (¢1(0),...,¥,(0)), we say
that {I'(¢), ¢(0), ¥(o)} is noncharacteristic if

N-VoF =0 (1.95)
where N = N[['(5)] is the normal vector to the (n — 1)-dimensional manifold T'.

In summary, for noncharacteristic boundary data (I', ¢, ¥), we can find a local solution of (1.90]) by
solving the characteristic equations (1.92)) with initial conditions (1.93) and letting u(x) = z(o, s).

More precisely, Vo € U C R"! let (x(o, 5), 2(0, s), p(0, s)) be the unique solution of (1.92)), (1.93)).
By the noncharacteristic assumption on the initial data, we can invert the function x = x(o, s)

near s = 0. That is, we can find functions f, g such that o = f(x) and s = g(x). Now, let

u(x) = 2(0,s) = 2(f(x), g(x))

for x near I'*.
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Chapter 2

Transport Equation

One of the simplest PDEs is the transport equation with constant coefficients, i.e.
u+b-Vu=0, in Q=1]0,400] x R" (2.1)
where b € R” and v : Q@ — R, u = u(t, x).

Now, which function u solve (2.1)? To answer this question let us suppose for the moment
that we are given some smooth solution u and try to compute it. To do so, we first must recognize
that the PDE states that a particular directional derivative of u vanishes. We exploit this
insight by fixing any point (¢,x) € 2 and defining

2(s) == u(t + s,x + sb) seR (2.2)
We can then calculate

d

d—z:u(t—irs,x—l—sb)—i—b-Vu(t—l—s,x—l—sb):0 (2.3)
s

where the second equality is due to (2.1). Thus, z is a constant function of s, and consequently

V(t,x) € Q, u is constant on the line through (¢,x) with the direction (1, b) € R'™™. Hence, if we

know the value of u at any point on each such line, we know its value everywhere in (2.

Remark. As well known from Calculus, we have that a directional derivative of a function
u:D CR™ — R along a certain vector n € R is given by:

ou

o Vu (2.4)
Then we can easily write:
g—z—n-(ﬁt,V)u—ut—i-b-Vu—O, n=(1,b) € |0, +oo[ x R" (2.5)

as previously stated. <
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2.1 Initial-value Problem

Let us consider the initial-value problem (IC)

{ut+b-Vu:O, in Q=]0,400[ x R" (2.6)

u(0,x) = g(x)
where b € R” and g : R® — R are known.

Given (t,x), as above, the line through this point with direction (1, b) is represented parametri-
cally by

(t(s),x(s)) = (t + s,x + sb)
with s € R.
This line "hits” the hyperplane I' = {t = 0} x R" when s = —t, at the point (0,x — bt). Now,
since u is constant along the line (¢(s),x(s)) and given that
u(0,x) = g(x) = u(0,x —bt) = g(x — bt)

we can deduce that:

u(t,x) = g(x — bt) t>0, xeR" (2.7)

Remark. Tt is easy to directly check that if ¢ € C' then u defined by (2.7)) is indeed a solution
of (2.8). On the other hand, if g ¢ C', then there is obviously no C! solution of (2.8); but,
even in this case, the expression ([2.7)) certainly provides a strong, and in fact the only reasonable,

candidate for a solution.
We may thus informally declare u(t,x) = g(x — bt) to be a weak solution of (2.8)). <

2.2 Non-homogeneous Problem

Next, let us consider the associated Non-homogeneous problem:

u+b-Vu=f, in Q=]0,+00] x R” 2.8)
u(0,%) = g(x) '
As before, given (t,x) € R and defining 2(s) := u(t + s,x + sb) with s € R, then
d
d_z =u(t+s,x+sb)+b-Vu(t+ s,x+ sb) = f(t+ s,x + sb) (2.9)
s
Consequently,
0 dz 0
2(0) — z(—t) = u(t,x) — g(x — bt) :/ —ds = / f(t+s,x+sb)ds =
_; ds 4
t (2.10)
{s = =s+t} = :/ f(s,x+ (s —t)b)ds
0
and so
t
u(t,x):g(x—bt)—l—/ f(s,x+ (s—1t)b)ds t>0, xeR" (2.11)
0
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Chapter 3

Introduction to Second Order PDEs

Classification & Canonical Form

Consider a general Second Order Linear Equation in two independent variables:

82u 2 2

a(w,y) o + bz, y)ag (x,y)a—;t+d(:c,y)%+e(w,y)g—z+f(:v>y)u:g(w,y) (3.1)

which, in the case of a semilinear equation, the coefficients d, e, f, g could be functions of wu,, u,
and u as well.
Now, the question that could arise quite naturally is: can we also make a transformation

(x, y) (&,7m) to put the equation into a simpler form?
So, let’s consider the previous coordinate transformation with the prescription:

_9&m)
I(z,y)

then, by the inverse function theorem, there exist an open neighbourhood D of (z,y) and another
neighbourhood of U of (§,n) such that the transformation:

Tlpy : D —U  (z,y) — ()

is invertible.
As before, we compute chain rule derivations

ou_0udg  oudy
ox  0£0x  Onox
ou 8u€)§ 4 ou 8u877
dy  OEdy oy (3.2)

i_g % B 8§8+8n8 8u8£+8u8n
0x2 Oz \ Ox Ox 9§  OxOn o0& dx  Onox
and analogously for u,, , Uz,
Then, the equation becomes (Exercise 2, prove the following statements)
Auge + Bugy + Cuyy + Fug,uy,u,&,m) =0 (3.3)

where we have written explicitly only the Principal Part of the PDE, precisely the one involving
the highest-order derivatives of u.
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This expression may seems as difficult as the first one; on the other hand, we have the remarkable
freedom of setting A, B or C' (depending on the kind of the PDE) to zero by means of a wise
choice of £ and 7.

Moreover, It is easy to verify that (Exercise 2)

B? —4AC = (b* — 4ac) J* (3.4)

So, provided J # 0 we see that the sign of the discriminant b? — 4ac is invariant under coordinate
transformations. We can use this invariance properties to classify the equation.

Studying the structure of the Characteristic Equations (which is not of our concern) we have
to distinguish three different cases:

1. If v — 4ac > 0 we can find a change of variable (z,y) — (&, 7n) such that it transform the
original PDE into
ug, + (lower order terms) =0 (3.5)

In this case the equation is said to be Hyperbolic and has two families of characteristics.

2. If b — 4ac = 0, a suitable choice for ¢ still simplifies the PDE, but now we can choose 1
arbitrarily and the equation reduces to the form

Uy + (lower order terms) = 0 (3.6)

The equation is then said to be Parabolic and has only one family of characteristics.

3. If b* — 4ac < 0 we can again apply the change of variables (z,y) — (£,1) to simplify the
equation, but now this functions will be complex conjugate. To keep the transformation
real, we apply a further change of variables (§,7) — («, ) via

a=E+7

, = Ugy = Uaa + Usp (3.7)
{ B=i(E—n) i

so, the equation can be reduced to

Uaa + Ugp + (lower order terms) = 0 (3.8)

In this case the equation is said to be Elliptic and has no real characteristics.

The above forms are called the Canonical Forms of the Second Order Linear/Semilinear equa-
tions in two variables.

Remark. e The Characteristic Equation is
dy b+ +b*—dac
dr 2a

e These definitions are all taken at a point zo € R?; unless a, b and ¢ are all constant, the
type may change with the point zy. <
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Example 9. Here are just a few examples concerning the previous statements.

e The Wave Equation in 141 dimension (i.e. (¢,z)),
Uy — Uy = 0

is clearly hyperbolic, indeed

e The Diffusion/Heat equation,

is clearly parabolic, indeed

e The Laplace’s equation in 2 dimensions,
Ugpgy + Uyy = 0
is clearly elliptic, indeed

a=1, b=0, c=1 = b —dac=—-4<0

e The Tricomi’s equation,
Y Uy + Uyy = 0

is respectively hyperbolic, parabolic and elliptic, depending on the sign of y, indeed

>0, ify<0
a=1y, b=0, c=1 == b —dac = —4y = 0, ify=0
<0, ify>0
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Chapter 4

Heat (aka Diffusion) Equation

The heat equation for a function u(¢,x), with x € R" and t > 0, is
uw—DAu=0, A=divV =) o (4.1)
i=1

Here, the constant D > 0 is the diffusion coefficient and A is the Laplacian operator.
In this Chapter we will briefly discuss the main result concerning this important equation, such
as: the fundamental solution, the technique of separation of variables and the energy method.

4.1 The Fundamental Solution

Consider the n-dimensional Heat Equation:

u—DAu=0, xeR", t>0 (4.2)
with the initial condition (IC)
u(0, %) = 6(x) (43)
If we recall definition of the Fourier transform for a function f: R® — R, i.e.
FK) = [ f(x)exp(—ik-x)d"z (4.4)
Rn
we can easily prove the following properties:
a(t.x) = 9;g(t,k) and Ag(t,x) = (k)*§(t. k) = ~k*G(t. k) (4.5)
where k% := |k|.
Moreover,
(f *9)(x) = f(k)g(k) (4.6)

where the * represents the Fourier convolution integral, i.e.
(fxg)(x):= | fx—y)gly)d"y=(g*[)x)
RTL
Now, taking the Fourier transform of both the equation and the IC we get
U+ k*Du=0, u = 1u(t,k)
- A (47)
u(0,k) = ¢(k)
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Multiplying both sides of the first equation by the integrating factor exp(Dk?*t) the equation
becomes

0, [eDth a(t,k)] ~0 (4.8)
Thus,
u(t, k) = f(k) exp(—Dk?t) , f(k) arbitrary function (4.9)
Using the initial condition
W0.K) =3k — k) = 3K) (4.10)
Now we know that R
u(t, k) = ¢(k) exp(—DE*t) (4.11)

Finally, reversing the Fourier transform

1 o , B
u(t,x) = @) /n d"ku(t, k) exp(ik - x) =
- (?;)n S(K) exp(— Dk + ik - x) d'k = (4.12)

—~
\_/

= (I'(t) * )(

where I'(t,x) is the so called Fundamental Solution for our problem.
In order to find this function we just need to reverse the Fourier transform of the function I'(t, k) =
exp(—DFk?t) indeed,

1
I'(t,x) = @ / d"k exp(—Dk*t + ik - x) =
[T dk,
=11 / al +ikae) = (4.13)
a=1 o0

1 ( x? )
= exp | ——
VA Dt P 4Dt

Thus, the Fundamental Solution for the Heat Equation is given by:

1 z?
I(t,x) = oDt exp <_4_Dt> (4.14)

end the general solution for the Cauchy problem is then given by:

ult:x) = (N0 x)x) = [ Tlt.x =)o) "y (1.15)
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4.2 Separation of Variables

In this section we introduce a very useful technique, called the method of separations of
variables, for solving initial boundary value-problems.
We consider the heat equation in (1 + 1)D satisfying the initial conditions

— Dug, =0, el|0,L],t>0
{“t " | v e [0, 1] (4.16)

u=u(t, )

We seek a solution u satisfying certain boundary conditions (BC); in the present case we consider
the so called Dirichlet BC, i.e.

u(t,0) =u(t,L) =0, vVt >0 (4.17)
In this method, we look for solutions of the form
u(t,z) = X(x)T'(t) (4.18)

where X and T are function which have to be determined.
Substituting this ansatz into the equation, we get

X(x)T(t) — DT(t)X"(x) =0 (4.19)
where X' = X, and T = Ty, from which we get

T(t) _ X"(x)
DT(t)  X(z) (4.20)

The left side depends only on ¢ whereas the right hand side depends only on x. Since they are
equal, they must be equal to some constant —\, with A € R. Thus

T(t) + \DT(t) = 0, X"(x) + AX (z) = 0 (4.21)

which are two ODEs that we can easily solve.
The general solution of the first equation is given by

T(t) = Aexp(—=ADt) , A € R (integration constant) (4.22)
The general solutions of the second equation are as follows:
for A\ <0, « cosh(v—Az)+ § sinh(v—A\z)

X(@x)=( forA=0, ax+p (4.23)
for A\>0, a cos(VAx)+ g sin(vVAz)

In addition, the function X which solves the second equation will satisfy boundary conditions
depending on the boundary condition imposed on w.
The problem

{ X"(x) + AX (z) =0 (424

X satisfies boundary conditions
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is called the eigenvalue problem, a non-trivial solution is called an eigenfunction associated
with the eigenvalue \.
So, if we consider the Dirichlet condition:

u(t,0) =u(t,L) =0, YVt >0 (4.25)

In this case the eigenvalue problem becomes

{ X"(z) + AX(:ri =0 (426

X(0) = X(L) =0

Now, we have to find non-trivial solutions X for this eigenvalue problem.

It is straightforward to find that VA < 0 we have that X(0) = X(L) =0 = a==0,50 A <0
is not an eigenvalue of the problem.

On the other hand, if we consider A > 0,

X(0)=a=0

X(L) = B sin(VAL) = 0 (4.27)

Since X must be a non-trivial solution, 5 # 0 and hence sin(\/XL) = (0. Consequently, in order
to get a non-trivial solution we have

A = (”%)2 . on>1 (4.28)

and the corresponding eigenfunctions are given by

22
X, (x) = B, sin (n—g x) : and T,(t) = A, exp <_nL72r Dt) (4.29)
Thus we have obtained the following sequence of solutions
n’m? . /nm
un(t,x) = X,,(2)T,,(t) = Bhexp | — 7 Dt | sin (T q:) (4.30)

with B, = A,,0,.
Finally, thank to the linearity of the Heat Equation, we can obtain the general solution by means
of the superposition principle:

u(t,z) = Z un(t,z) = Z B, exp (—n*7*Dt/L?) sin (nmz /L) (4.31)

Then, if we consider the IC, at time ¢ = 0 we have:

u(t,z) = Z By sin (nmx /L) = ¢(x) (4.32)
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In order to compute the coefficients B,,, one should note the following results (Prove it!):

L
% / sin (nma /L) sin (mrx /L) dx = dpm,
2 "
Z/ cos (nmx /L) cos (mmx/L) dr = 0y, (4.33)
0

/0 sin (nwz/L) cos (mmz/L)dr =0

Multiplying both sides of Eq. (4.32)) by sin (mmz/L), with fixed m, and then integrating over
0, L], we get:

2 [* _
B, = Z/o ¢(z) sin (mmx/L) dx (4.34)

Remark. Where we have made use of the well known Kroneker delta which is defined as

5 1, ifn=m
"0, ifn#£m

This last remark actually concludes our discussion. <
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4.3 Energy Method

We next consider the inhomogeneous heat equation with some auxiliary conditions, and use
the energy method to show that the solution satisfying those conditions must be unique. Consider
the following mixed initial-boundary value problem, which is called the Dirichlet problem for the
heat equation

— Dug, = f, €0,L], t>0
u(0, ) = ¢(x) =u(t,z), f=[f(tz) (4.35)
u(t,0) = g(z) , ( L) =h(z) ¥t>0

for given functions f, g, h, ¢.

Arguing from the inverse, let as assume that there are two functions u and v that both solve the
inhomogeneous heat equation and satisfy the initial and Dirichlet boundary conditions,

with u # v.

Then their difference, w = u — v, satisfies the homogeneous heat equation with zero initial-
boundary conditions, i.e.

— Dw,, =0, rel0,L], t>0
w(0,2) =0 w=w(t,x) (4.36)
w(t,0) =w(t,L)=0 VYt>0
Now define the following energy
1 L
E(t) = Elw(t)] := 5/0 w?(t, ) dx (4.37)

which is always positive, and decreasing, if w solves the heat equation. Indeed, differentiating
the energy with respect to time, and using the heat equation we get

dE L L
— = / ww do = D/ WWyy d (4.38)
Integrating by parts in the last integral gives
dE Lo
- = = Dww,|f =D [ (w.)?dz=—-D [ (w,)*dzx <0 (4.39)
0

since the boundary terms vanish due to the boundary conditions.
Now, due to the initial condition,
Et=0)=0

But then using the fact that the energy is a non-negative decreasing quantity, we get
0<E(lf)<E{t=0)=0
Hence,

1 L
E(t) = 5/0 w?(t,x)der =0, Vt>0 (4.40)

which implies that the non-negative continuous integrand must be identically zero over the inte-
gration interval, i.e

w=0, VYrxel0,L],Vt>0 = wu=wv, VYrel0,L], Vt>0 (4.41)

which finishes the proof of uniqueness.
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Chapter 5

Wave Equation

In this first part we will solve the wave equation on the entire real line x € R. This corresponds
to a string of infinite length.
The wave equation, which describes the dynamics of the amplitude wu(t, z) of the point at position
x on the string at time ¢, has the following form

Uy — iy = 0 (5.1)

As we saw, the wave equation has the second canonical form for hyperbolic equations.
By means of the characteristic equations, one can then rewrite this equation in the first canonical

form, which is
Ugy = 0 (52)

This is achieved by passing to the characteristic variables
E=x+ct, n=ux—ct (5.3)

In particular, we can show the equivalence between (5.1) and (5.2)) , let us compute the partial
derivatives of u with respect to x and t in the new variables using the chain rule.

Uy = Ue + U
S (5.4)

Up = ClUg — CUy

Now, if we realize that, for u € C?, the second order linear operator of the wave equation (the
D’Alembert operator) factors into two first order operators

O:=0? — 02 = (0; — c0,)(0; + cO,) (5.5)
which, under the coordinate transformation (x,t) — (§,7) becomes
0 = —4c® 0,0, (5.6)

as we expected.
Now, Eq. (5.2) can be treated as a pair two successive ODEs. Integrating first with respect to
the variable 7, and then with respect to &, we arrive at the solution

u(€,n) = f(§) +g9n) (5.7)

Thus, the general solution is given by

u(t,z) = f(x +ct) + g(xz — ct) (5.8)
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5.1 Initial Value Problem

If we consider the following Cauchy Problem for the wave equation in (14 1)D

Uy — gy =0, reR, >0
u(0,x) = ¢(x) u=u(t,x) (5.9)
ur(0, ) = ¢ (x)

where ¢ and v are arbitrary functions of single variable.

The solution to this problem is easily found from the general solution ; indeed, all we need
to do is find f and g from the initial conditions.

From the first condition:

u(0,2) = ¢(x) = [f(z)+9(z) = d(z) (5.10)

and from the second one:

w(0,2) =¢(z) = cf'(2)—cg'(z) =9 () (5.11)
where ' = f,.

To solve this system, we first integrate both sides of the latter equation, from 0 to = to get rid of
the derivatives on f and g, and rewrite the equations as

f(x) +g(x) =

¢(x)
flx) —g(z) = %/O’”MS) ds+ £(0) — 4(0) (5.12)

We can solve this system by adding the equations to eliminate g, and subtracting them to eliminate
f. This leads to the solution

f(m):@-l—zlc/xzb(s)ds—l—w
z - _ (5.13)
9<$>=¥—§/0 ¢(S)ds—w

Finally, substituting this expressions for f and g back into the general solution ([5.8)) we get

u(t, ) = ¢(x+ct)42‘¢(x—ct) +2ic Hth(S) s (5.14)

This is the well known d’Alembert’s solution for the Cauchy Problem of our concern.
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5.1.1 Causality

The value of the solution to the former Cauchy problem at a certain point (to, o) can be
deduced from d’Alembert’s formula.

¢(wo + cto) + ¢(xo —cto) | 1 /"”“CtO
+ P
2 2c J,

P(s)ds (5.15)

'Lb(to, LU()) =
o—cto

We can see that this value depends on the values of ¢ at only two points on the z axis, xo + ctgy
and g — cty, and the values of ¢ only on the interval [z¢ — cto, o + cto).

For this reason, the interval [zg — cto, zo + ctp] is called interval of dependence for the point
(to,xo). Sometimes the entire triangular region with vertices at (0,z9 — ctg), (0,20 + ctg) and
(to, zo) is called the domain of dependence, or the past history of the point (¢y,xy). The
sides of this triangle are segments of characteristic lines passing through the point (o, zg). Thus,
we see that the initial data travels along the characteristics to give the values at later times.

An inverse notion to the domain of dependence is the notion of domain of influence of the
point (0, xy). This is the region in the z — ¢ plane consisting of all the points, whose domain of
dependence contains the point xy. The region has an upside-down triangular shape, with the sides
being the characteristic lines emanating from the point (0, zg).

This also means that the value of the initial data at the point x( affects the values of the solution
u at all the points in the domain of influence. Notice that at a fixed time %, only the points
satisfying xo — ctg < x < g + cty are influenced by the point (0, x).

5.2 Energy Method

The conservation of energy provides a straightforward way of showing that the solution to the
Cauchy Problem

U — gy =0, reR, t>0
u(0,2) = ¢(x) u=u(t,x) (5.16)
ut(O,m) = w(x)

is unique.
Arguing from the inverse, let as assume that this problem has two distinct solutions, v and v.
Then their difference, w = u — v, satisfies the following Cauchy Problem

Wy — Cwyy =0, reR,t>0
w(0,2) =0 w = w(t,x) (5.17)
wt(O,x) =0

Now, if we define the following energy

Bt) = Elw(t)] = + / ) + )] de (5.18)

—0o0

Hence the energy associated with the solution w at time ¢ = 0 is
Et=0)=0 (5.19)

due to the initial conditions.
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At the same time

dE o0 (o)
i / [wtwtt + cwawm] dr = / [wtt — c2wm] wedr =0 Vt>0 (5.20)

—00 —00

where = stands for "up to boundary terms”. So, we have been able to show that E(t) is conserved.
But since the integrand in the expression of the energy is non-negative, the only way the integral
can be zero, is if the integrand is uniformly zero. That is,

Vw = (wy, w,) =0
This implies that w = const. , V(t,z) € RT x R, but since w(0,2) =0 = const. = 0. Thus,
w(t,r) =u(t,z) —v(t,x) =0

which is in contradiction with our initial assumption of distinctness of v and v. This implies that
the solution to the former Cauchy problem is unique.
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