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Fig. 1.7 The potential at P due to the

dipole layer D on the area element da’ is

just the negative product of D and the

solid angle element d(2 subtend:ed by da’
at P,

For a constant surface-dipole-moment density D, the potential is just the
product of the moment and the solid angle subicnded at the observation
point by the surface, regardless of its shape. !

There is a discontinuity in potential in crossing a double layer. This
can be seen by letting the observation point come infinitesimally close to
the double layer. The double layer is now imagined to consist of two
parts, one being a small disc directly under the observation point. The
disc is sufficiently small that it is sensibly flat and has constant surface-
dipole-moment density D. Evidently the total potential can be obtained
by linear superposition of the potential of the disc and that of the remain-
der. From (1.26) it is clear that the potential of the*disc alone has a
discontinuity of 47D in crossing from the inner to the outer side, being
—2#D on the inner side and +2#D on the outer. The potential of the
remainder alone, with its hole where the disc fits in, is continuous across
the plane of the hole. Consequently the total potential jump in crossing

the surface is: O, — O, = 47D (1.27)

This result is analogous to (1.22) for the discontinuity of electric field in
crossing a surface-charge density. Equation (1.27) can be interpreted
“physically’” as a potential drop occurring “inside’” the dipole layer, and
can be calculated as the product of the field between the two layers of
surface charge times the separation before the limit is taken.

1.7 Poisson’s and Laplace’s Equations

In Sections 1.4 and 1.5 it was shown that the behavior of an electro-
static field can be described by the two differential equations:

V. E=4np (1.13)
VXE=0 (1.14)

the latter equation being equivalent to the statement that E is the gradient
of a scalar function, the scalar potential @:

E=—VO (1.16)

and
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Equations (1.13) and (1.16) can be combined into one partial differential
equation for the single function ®(x):
VED = —4mp (1.28)

This equation is called Poisson’s equation. In regions of space where there
is no charge density, the scalar potential satisfies Laplace’s equation:

Vi) =0 (1.29)
We already have a solution for the scalar potential in expression (1.17):
D(x) = f PO (1.17)

Ix — x|

To verify that this does indeed satisfy Poisson’s equation (1.28) we operate
with the Laplacian on both sides:

v2q>=v2f pX)_ s '_J (x)vz(

Ix — x

) d3z’ (1.30)
[x — x|

We must now calculate the value of V2(1/|x — x'|). It is convenient (and
allowable) to translate the origin to x" and so consider V2(1/r), where r is
the magnitude of x. By direct calculation we find that V%(1/r) = 0 for

r=+0:
Vz(l) ! dz( .l) =1 =0

r rdr r r dr?

At r = 0, however, the expression is undefined. Hence we must use a
limiting process. Since we anticipate something like a Dirac delta function,
we integrate V2(1/r) over a small volume ¥ containing the origin. Then we
use the divergence theorem to obtain a surface integral:

J V2( ) &z f v.v(l) & =f n-v(l) da
V r Lo ¢ L F S r
=JA “Q'(}—)rzdﬂ= — 47
s Or\r

It has now been established that V3(1/r) = 0 for r 5~ 0, and that its volume
integral is —4m. Consequently we can write the improper (but mathe-
matically justifiable) equation, V2(1/r) = —4nd(x), or, more generally,

Vz( ! ) = —4rd(x — ) (1.31)

Ix — x|

Having established the singuiar nature of the Laplacian of 1/r, we can
now complete our check on (1.17) as a solution of Poisson’s equation.
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Equation (1.30) becomes
VD =J‘p(x’)[—‘47r<5(x — x)] &% = —4wp(x)

verifying the correctness of our solution (1.17).

1.8 Green’s Theorem

If electrostatic problems always involved localized discrete or continuous
distributions of charge with no boundary surfaces, the general solution
(1.17) would be the most convenient and straightforward solution to any
problem. There would be no need of Poisson’s or Laplace’s equation. In
actual fact, of course, many, if not most, of the problems of electrostatics
involve finite regions of space, with or without charge inside, and with
prescribed boundary conditions on the bounding surfaces. These boundary
conditions may be simulated by an appropriate distribution of charges
outside the region of interest (perhaps at infinity), but (1.17) becomes
inconvenient as a means of calculating the potential, except in simple cases
(e.g., method of images).

To handle the boundary conditions it is necessary to develop some new
mathematical tools, namely, the identities or theorems due to George
Green (1824). These follow as simple applications of the divergence
theorem. The divergence theorem:

fV-Ad3x=§A-nda
v s

applies to any vector field A defined in the volume V" bounded by the closed
surface S. Let A = ¢$Vy, where ¢ and y are arbitrary scalar fields. Now

V. (¢Vy) = ¢Viy + V- Uy (1.32)
and
SVp-n=g (1.33)
on

where d/dn is the normal derivative at the surface S (directed outwards
from inside the volume V). When (1.32) and (1.33) are substituted into
the divergence theorem, there results Green’s first identity:

f (VP9 + V¢ - Vy) d®z = ff; ¢ oy da (1.34)
v s On

If we write down (1.34) again with ¢ and y interchanged, and then subtract
it from (1.34), the V¢ - Vy terms cancel, and we obtain Green’s second
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identity or Green’s theorem:

0 0
f (Vi — V) d°x = fﬂqS ch w—ﬂ da (1.35)
12 sL™ dn on

Poisson’s differential equation for the potential can be converted into an
integral equation if we choose a particular p, namely 1/R = 1/|x — x/|,
where x is the observation point and x' is the integration variable. Further,
we put ¢ = O, the scalar potential, and make use of V2O = —4xzp. From

(1.31) we know that V3(1/R) = —4=nd(x — x'), so that (1.35) becomes

L[—-&n(l)(x’) ox — x") + 47; P(X'):| B’ = il}b 5%(%) . Elaa_;lj Ao’

If the point x lies within the volume V, we obtain:

_[rx) Lﬂ‘_@_ 0 (1_” ,

d(x) £ R d’x’ + i oL R 2 D o\ da (1.36)
If x lies outside the surface S, the left-hand side of (1.36) is zero. [Note
that this is consistent with the interpretation of the surface integral as being
the potential due to a surface-charge density ¢ = (1/47)(0®/0n’) and a
dipole layer D = —(1/47)®. The discontinuities in electric field and
potential (1.22) and (1.27) across the surface then lead to zero field and
zero potential outside the volume V]

Two remarks are in order about result (1.36). First, if the surface S goes
to infinity and the electric field on S falls off faster than R-1, then the
surface integral vanishes and (1.36) reduces to the familiar result (1.17).
Second, for a charge-free volume the potential anywhere inside the volume
(a solution of Laplace’s equation) is expressed in (1.36) in terms of the
potential and its normal derivative only on the surface of the volume. This
rather surprising result is not a solution to a boundary-value problem, but
only an integral equation, since the specification of both ® and 0®/dn
(Cauchy boundary conditions) is an overspecification of the problem. This
will be discussed in detail in the next sections, where techniques yielding
solutions for appropriate boundary conditions will be developed using
Green’s theorem (1.35).

1.9 Uniqueness of the Solution with Dirichlet or Neumann Boundary
Conditions

The question arises as to what are the boundary conditions appropriate
for Poisson’s (or Laplace’s) equation in order that a unique and well-
behaved (i.e., physically reasonable) solution exist inside the bounded
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region. Physical experience leads us to believe that specification of the
potential on a closed surface (e.g., a system of conductors held at different
potentials) defines a unique potential problem. This is called a Dirichlet
problem, or Dirichlet boundary conditions. Similarly it is plausible that
specification of the electric field (normal derivative of the potential) every-
where on the surface (corresponding to a given surface-charge density)
also defines a unique problem. Specification of the normal derivative
is known as the Neumann boundary condition. We now proceed to prove
these expectations by means of Green’s first identity (1.34).

We want to show the uniqueness of the solution of Poisson’s equation,
V2@ = —4np, inside a volume ¥ subject to either Dirichlet or Neumann
boundary conditions on the closed bounding surface S. We suppose, to
the contrary, that there exist two solutions ®, and ®, satisfying the same

boundary conditions. Let
U= 0, — O, (1.37)

Then V2U = 0 inside V, and U = 0 or dU/dn = 0 on S for Dirichlet and
Neumann boundary conditions, respectively. From Green’s first identity
(1.34), with ¢ = » = U, we find

(UVEU + VU - VU) d®z = 4; Uggda (1.38)
v Js  on
With the specified properties of U, this reduces (for both types of boundary
conditions) to:

VU2 d®z = 0
'F?

which implies VU = 0. Consequently, inside V, U is constant. For
Dirichlet boundary conditions, I/ = 0 on § so that, inside V, ®, = ®, and
the solution is unique. Similarly, for Neumann boundary conditions, the
solution is unique, apart from an unimportant arbitrary additive constant.

From the right-hand side of (1.38) it is clear that there is also a unique
solution to a problem with mixed boundary conditions (i.e., Dirichlet over
part of the surface S, and Neumann over the remaining part).

It should be clear that a solution to Poisson’s equation with both @ and
0®/on specified on a closed boundary (Cauchy boundary conditions) does
not exist, since there are unique solutions for Dirichlet and Neumann
conditions separately and these will in general not be consistent. The
question of whether Cauchy boundary conditions on an open surface define
a unique electrostatic problem requires more discussion than is warranted
here. The reader may refer to Morse and Feshbach, Section 6.2, pp. 692-
706, or to Sommerfeld, Partial Differential Equations in Physics, Chapter
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I1, for a detailed discussion of these questions. Morse and Feshbach base
their treatment on the replacement of the partial differential equation by
appropriate difference equations which they then solve by an iterative
procedure. On the other hand, Sommerfeld bases his discussion on the
method of characteristics where possible. The result of these investigations
on which boundary conditions are appropriate is summarized in the table
below (based on cone given in Morse and Feshbach), where different types

Type of Equation

Type of . . Parabolic
Bo?zlrjldary E ]hpflc Hyperbolic (heat-(?on-
Condition (Poisson’s eq.) (wave eq.) duction eq.)

Dirichlet
Open surface Not enough Not enough Unique, stable
solution in one
direction
Closed surface Unique, stable Too much Too much
solution
Neumann
Open surface Not enough Not enough Unique, stable
solution in one
direction
Closed surface Unique, stable Too much Too much
solution in
general
Cauchy
Open surface Unphysical Unique, stable|| Too much
results solution
Closed surface Too much Too much Too much

A stable solution is one for which small changes in the boundary conditions
cause appreciable changes in the solution only in the neighborhood of the
boundary.

of partial differential equations and different kinds of boundary conditions
are listed.

Study of the table shows that electrostatic problems are specified only
by Dirichlet or Neumann boundary conditions on a closed surface (part
or all of which may be at infinity, of course).
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1.10 Formal Solution of Electrostatic Boundary-Value Problem with
Green’s Function

The solution of Poisson’s or Laplace’s equation in a finite volume ¥ with
either Dirichlet or Neumann boundary conditions on the bounding surface
S can be obtained by means of Green’s theorem (1.35) and so-called
“Green’s functions.”

In obtaining result (1.36)—not a solution—we chose the function y to
be 1/|x — x'|, it being the potential of a unit point charge, satisfying the
equation:

V2 ( L ) — —dmd(x — X)) (1.31)

Ix — x|

The function 1/|x — x'| is only one of a class of functions depending on the
variables x and x’, and called Green’s functions, which satisfy (1.31). In

general, V2G(x, x') = —47d(x — x') (1.39)

1
Ix — x']

where

G(x, x') = + F(x, x') (1.40)

with the function F satisfying Laplace’s equation inside the volume V'
V2F(x,x) =0 (1.41)

In facing the problem of satisfying the prescribed boundary conditions
on O or 0®/dn, we can find the key by considering result (1.36). As has
been pointed out already, this is not a solution satisfying the correct type
of boundary conditions because both ® and 6®/dn appear in the surface
integral. It is at best an integral equation for ®. With the generalized
concept of a Green’s function and its additional freedom [via the function
F(x, x)), there arises the possibility that we can use Green’s theorem with
p = G(X, x') and choose F(x, x') to eliminate one or the other of the two
surface integrals, obtaining a result which involves only Dirichlet or
Neumann boundary conditions. Of course, if the necessary G(x, X")
depended in detail on the exact form of the boundary conditions, the
method would have little generality. As will be seen immediately, this is
not required, and G(x, x") satisfies rather simple boundary conditions on S.

With Green’s theorem (1.35), ¢ = @, v = G(x, x'), and the specified
properties of G (1.39), it is simple to obtain the generalization of (1.36):

B(x) = f pX)G(x, X) B3’ + — ffﬁ I:G(x, ) 22 _ px) a—G(—x—"—)] da
14 47 Js on’ on’

(1.42)
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The freedom available in the definition of G (1.40) means that we can make
the surface integral depend only on the chosen type of boundary con-
ditions. Thus, for Dirichlet boundary conditions we demand:

G,(x,x)=0 forx"onS (1.43)

Then the first term in the surface integral in (1.42) vanishes and the
solution is

d(x) =f p(x)Gp(x, xX') d®x’ — L § d(x") 9Gp, da’ (1.44)
v 4 Js on’

For Neumann boundary conditions we must be more careful. The
obvious choice of boundary condition on G(x, X') seems to be

oGy

on’

since that makes the second term in the surface integral in (1.42) vanish,
as desired. But an application of Gauss’s theorem to (1.39) shows that

(x,x)=0 forx'onS

.

? gﬁ da’ = —4n

s on'’

Consequently the simplest allowable boundary condition on Gy is
9Gy (x,x) = — A forx’ on S (1.45)
on’ S

where S is the total area of the boundary surface. Then the solution is

, PO | od ,
D(x) = ()5 + | p(x)Gu(x, X) % + — P =Gy da’  (1.46)
v 4 Jg On'

where (@)g is the average value of the potential over the whole surface.
The customary Neumann problem is the so-called “‘exterior problem’ in
which the volume ¥ 'is bounded by two surfaces, one closed and finite, the
other at infinity. Then the surface area S is infinite; the boundary
condition (1.45) becomes homogeneous; the average value (®)g vanishes.

We note that the Green’s functions satisfy simple boundary conditions
(1.43) or (1.45) which do not depend on the detailed form of the Dirichlet
(or Neumann) boundary values. Even so, it is often rather involved (if
not impossible) to determine G(x, x’) because of its dependence on the
shape of the surface S. We will encounter such problems in Chapter 2
and 3.

The mathematical symmetry property G(x, x) = G(x', x) can be proved
for the Green’s functions satisfying the Dirichlet boundary condition
(1.43) by means of Green’s theorem with ¢ = G(x, y) and » = G(X/, y),
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where y is the integration variable. Since the Green’sfunction, asa function
of one of its variables, is a potential due to a unit point charge, this sym-
metry merely represents the physical interchangeability of the source and
the observation points. For Neumann boundary conditions the symmetry
is not automatic, but can be imposed as a separate requirement.

As a final, important remark we note the physical meaning of F(x, x').
It 1s a solution of Laplace’s equation inside V" and so represents the
potential of a system of charges external to the volume V. It can be
thought of as the potential due to an external distribution of charges so
chosen as to satisfy the homogenecus boundary conditions of zero
potential (or zero normal derivative) on the surface S when combined with
the potential of a point charge at the source point x’. Since the potential
at a point x on the surface due to the point charge depends on the position
of the source point, the external distribution of charge F(x, x) must also
depend on the ““parameter” x’. From this point of view, we see that the
method of images (to be discussed in Chapter 2) is a physical equivalent
of the determination of the appropriate F(x, x’) to satisfy the boundary
conditions (1.43) or (1.45). For the Dirichlet problem with conductors,
F(x, x') can also be interpreted as the potential due to the surface-charge
distribution induced on the conductors by the presence of a point charge
at the source point x’.

1.11 Electrostatic Potential Energy and Energy Density

In Section 1.5 it was shown that the product of the scalar potential and
the charge of a point object could be interpreted as potential energy. More
precisely, if a point charge g, is brought from infinity to a point x; in a
region of localized electric fields described by the scalar potential @ (which
vanishes at infinity), the work done on the charge (and hence its potential
energy) is given by

W, = q.0(x,) (1.47)

The potential @ can be viewed as produced by an array of (n — 1) charges
g;(j=1,2,...,n— 1) at positions x;. Then

D(x,) = zl |x_q:—x] (1.48)

so that the potential energy of the charge g, is

n—1

W =g > —— (1.49)

i=1 lxl - XJI



